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INFINITESIMAL AUTOMORPHISMS OF ALGEBRAIC VARIETIES
AND VECTOR FIELDS ON ELLIPTIC SURFACES
GEBHARD MARTIN
ABSTRACT. We give several results concerning the connected component Aut0X of the automor-
phism scheme of a proper varietyX over a field, such as its behaviour with respect to birational mod-
ifications, normalization, restrictions to closed subschemes and deformations. Then, we apply our
results to study the automorphism scheme of not necessarily Jacobian elliptic surfaces f : X → C
over algebraically closed fields, generalizing work of Rudakov and Shafarevich, while giving coun-
terexamples to some of their statements. We bound the dimension h0(X,TX) of the space of global
vector fields on an elliptic surface X if the generic fiber of f is ordinary or if f admits no multi-
ple fibers, and show that, without these assumptions, the number h0(X,TX) can be arbitrarily large
for any base curve C and any field of positive characteristic. If f is not isotrivial, we prove that
Aut0X ∼= µpn and give a bound on n in terms of the genus of C and the multiplicity of multiple
fibers of f . As a corollary, we re-prove the non-existence of global vector fields on K3 surfaces and
calculate the connected component of the automorphism scheme of a generic supersingular Enriques
surface in characteristic 2. Finally, we present additional results on horizontal and vertical group
scheme actions on elliptic surfaces which can be applied to determine Aut0X explicitly in many con-
crete cases.
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1. INTRODUCTION
Let X be a scheme which is proper over a field k. In [MO68] Matsumura and Oort proved that
the automorphism functor AutX of X over k is representable by a group scheme that is locally of
finite type over k. Its connected component of the identity Aut0X together with its tangent space
at the identity H0(X,TX ), consisting of global vector fields, play a central roˆle in the deformation
theory ofX. Indeed, if h0(X,TX ) = 0, then the deformation funtor DefX ofX is prorepresentable
and, conversely, if Aut0X is not smooth, then DefX can never be prorepresentable. Similarly, if X
is a proper variety with h0(X,TX ) = 0 and if a moduli stackM parametrizing objects of the same
type asX exists, this stack is Deligne–Mumford at the point corresponding toX, since the stabilizer
ofM at X is reduced. This leads to the following geometric question.
Question (A). Let X be a proper scheme over k. What is the dimension of H0(X,TX)?
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On the other hand, it was observed in [AOV08] and [Alp13] that Artin stacks with finite lin-
early reductive stabilizers behave better than general Deligne–Mumford stacks in many ways; for
example, they are e´tale locally quotient stacks by finite and linearly reductive group schemes (see
[AOV08, Theorem 3.2]). Since linearly reductive group schemes may very well be connected, a
first step towards checking whether AutX is linearly reductive is to check it for Aut
0
X .
Question (B). When is Aut0X linearly reductive?
Finally, to better understand how closeM is to being a scheme e´tale locally atX, we can ask for
the size of Aut0X .
Question (C). If Aut0X is finite, what is its length?
If X is a smooth projective curve, answers to all three of the above questions are known, since
Aut0X is always smooth in this case and the automorphism groups of X are well-known. More
precisely, we have AutP1 ∼= PGL2 and Aut0E ∼= E for an elliptic curve E and if X has higher
genus, then Aut0X is trivial. However, already for singular curves or smooth projective surfaces, the
three Questions (A), (B), and (C) are wide open. In recent years, however, some structural results
in the case of surfaces of general type have been obtained by Tziolas in [Tzi15] and [Tzi17b].
The purpose of this paper is to give answers to Questions (A), (B) and (C) for elliptic surfaces
over an algebraically closed field k of arbitrary characteristic. Before we start explaining our setup,
let us remark that Question (A) for elliptic surfaces without multiple fibers has been studied by
Rudakov and Shafarevich [RSˇ76] and the first proof of the non-existence of global vector fields on
K3 surfaces is a corollary of their work. Unfortunately, it turns out that Lemma 3, Lemma 4, and, as
a result, also Theorem 6 in [RSˇ76] are false as they are stated there. Some of these issues were also
addressed in [RSˇ78], but the classification of counterexamples stated there is incomplete. In Section
5, we give counterexamples to these claims and complete their classification of counterexamples
begun in [RSˇ78]. As a special case of our analysis, we will recover a modified version of [RSˇ76,
Theorem 6] in Theorem (D), which gives a characterization of elliptic surfaces with vector fields
and without multiple fibers.
Let k be an algebraically closed field of characteristic char(k) = p ≥ 0. Let f : X → C be an
elliptic surface, that is, X is a smooth projective surface, C is a smooth projective curve and f is a
proper morphism such that f∗OX = OC , almost all fibers of f are smooth curves of genus one and
there are no (−1)-curves in the fibers of f . By Blanchard’s Lemma (see [Bri17, Theorem 7.2.1]),
there is a natural morphism of group schemes f∗ : Aut
0
X → Aut0C . We say that ker(f∗) is the group
scheme of vertical automorphisms and im(f∗) is the group scheme of horizontal automorphisms.
In characteristic 0, the structure of elliptic surfaces with non-trivial Aut0X is simple and well-
known: If Aut0X is non-trivial, then either X is ruled or, after a finite base change C
′ → C , it
becomes isomorphic to the trivial elliptic surface F × C ′ where F is a general fiber of f . We leave
it to the reader to check that the same conclusion follows from our results in arbitrary characteristic
under the stronger assumption dimAut0X > 0 (see also the very recent preprint by Fong [Fon20]).
Recall that an elliptic surface is called isotrivial if all smooth fibers of f are isomorphic, or
equivalently, if the j-map of f is constant. In the following, in Theorems (A), (B), and (C), we will
give a summary of our answers to Questions (A), (B), and (C). We refer the reader to Section 3 and
Section 4 for more refined and more general results on the structure of ker(f∗) and im(f∗), such as
possible fiber types, further information on multiplicities of fibers, as well as geometric restrictions
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on multisections for elliptic surfaces with non-trivial Aut0X . The proofs of the following results can
be found in Section 6, where we combine our results on vertical and horizontal automorphisms.
Theorem (A). Let f : X → C be an elliptic surface. Then, the following hold:
(i) If f is not isotrivial, then h0(X,TX ) ≤ 1.
(ii) If the generic fiber of f is ordinary or f admits no multiple fibers, then h0(X,TX ) ≤ 4. If
additionally h0(X,TX ) ≥ 2, then one of the following holds:
(1) X is ruled over an elliptic curve.
(2) X is an Abelian surface isogeneous to a product of elliptic curves.
(3) X is a bielliptic surface with ωX ∼= OX . These surfaces exist if and only if p ∈ {2, 3}.
(iii) For every field K of characteristic char(K) > 0, for every smooth projective curve C over K
and for every n ≥ 0, there is an elliptic surface f : X → C with h0(X,TX) ≥ n.
In particular, the elliptic surfaces appearing in Theorem (A) (iii) are isotrivial with supersingular
generic fiber and they admit multiple fibers. The relevant examples can be found in Example 5.5.
In the non-isotrivial cases, the following theorems give a description of Aut0X as well as a bound on
its length that depends on the number hp, which is defined in the discussion before Corollary 3.11
and which coincides with the number of supersingular j-invariants over k if p 6= 2, 3.
Theorem (B). Let f : X → C be a non-isotrivial elliptic surface. Then, Aut0X ∼= µpn for some
n ≥ 0. In particular, Aut0X is linearly reductive.
Theorem (C). Let f : X → C be a non-isotrivial elliptic surface with Aut0X ∼= µpn . Then,
1
48
(p − 1)(p2n−1 − 12pn−1 + 1) + 1− hp
2
≤ g(C).
If, additionally,
(a) pn ≥ 4, or
(b) C 6∼= P1, or
(c) pn = 3 and the singular fibers of f are not of type (II, I32k) or (II, I
∗
32k−1
) for any k ≥ 1, or
(d) pn = 2 and the singular fibers of f are not of type (II, I22k+1) or (III, I22k+1) for any k ≥ 1,
then ker(f∗) ∼= Aut0X and all additive or supersingular fibers of f are multiple fibers with multi-
plicity divisible by pn.
The exceptions in Theorem (C) (c) and (d) occur for every k ≥ 1 (see Example 5.12 and Example
5.14). Our Examples 5.12 and Example 5.14 are elliptic surfaces with a section and therefore they
are counterexamples to [RSˇ76, Theorem 6] in characteristic 2 and 3. Three of these four families
of counterexamples were already exhibited in [RSˇ78]. In the other characteristics, our analysis
recovers [RSˇ76, Theorem 6]. More precisely, we obtain the following theorem.
Theorem (D). Let f : X → C be an elliptic surface without multiple fibers and such that
h0(X,TX) 6= 0. Then, one of the following holds:
(i) f is isotrivial and c2(X) = 0.
(ii) f is Jacobian and isotrivial with two singular fibers, X is rational, and C ∼= P1.
(iii) p = 3, C ∼= P1, and the singular fibers of f are of type (II, I32k) or (II, I∗32k−1) for some k ≥ 1.
(iv) p = 2, C ∼= P1, and the singular fibers of f are of type (II, I22k+1) or (III, I22k+1) for some
k ≥ 1.
(v) p ∈ {2, 3}, C ∼= P1, and f is isotrivial with a unique singular fiber.
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One can classify the possible singular fibers of f in Theorem (D) (ii). They are precisely the types
described in Lemma 4.5 and Lemma 4.7. All cases in Theorem (D) actually occur and we give the
corresponding examples in Section 5.3. Theorem (D) has the following well-known consequence
(compare [RSˇ76, Theorem 7]).
Corollary 1.1. There are no global regular vector fields on K3 surfaces.
Our proof follows the strategy of Rudakov and Shafarevich and by using Theorem (D) we can
circumvent the issues with Lemma 3 and Lemma 4 in [RSˇ76]. In characteristic 2 and 3, the proof
builds on the fact that supersingular K3 surfaces admit an elliptic fibration with at least two singular
fibers (see [RS83, p.1502]). Let us also remark that there is an independent proof of Corollary 1.1
due to Nygaard in [Nyg79].
Since our analysis of elliptic surfaces does not assume the existence of a section, we can also
apply it to study the automorphism group scheme of Enriques surfaces in characteristic 2. For
example, we prove the following result in Example 5.6.
Corollary 1.2. Let X be a generic supersingular Enriques surface in characteristic 2. Then,
Aut0X
∼= µ2.
Using the more refined results we give in Section 3 and Section 4, it is possible to determine the
group scheme Aut0X in many concrete cases. For example, as an extension of Corollary 1.2, we will
use our results to calculate the connected components of the identity of the automorphism schemes
of elliptic Enriques surfaces in characteristic 2 in an upcoming article.
The outline of this article is as follows: In Section 2, we will give several general results on
automorphism schemes of proper schemes, such as the behaviour under birational modifications, the
relation to deformation theory, and a fixed point formula for actions of connected linearly reductive
group schemes. This part of the article applies to arbitrary proper schemes over arbitrary fields and
we hope that our results will help to answer Questions (A), (B), and (C) for more general classes
of proper varieties. Then, we give some background on elliptic surfaces and recall the structure of
the automorphism scheme of curves of genus one. In Section 3, we study the group scheme ker(f∗)
of vertical automorphisms of an elliptic surface and in Section 4, we describe the group scheme
im(f∗) of horizontal automorphisms. Before deducing our main results from this in Section 6, we
give several examples in Section 5, illustrating the different phenomena that occur in the context of
automorphism schemes of elliptic surfaces.
Acknowledgements: The author gratefully acknowledges funding from the DFG under research
grant MA 8510/1-1. Also, the author would like to thank the Department of Mathematics at the
University of Utah for its hospitality while this article was written. I would like to thank Michel
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2. GENERALITIES
2.1. Generalities on group scheme actions. In this section, we will be working over an arbitrary
field K and all schemes we consider will be of finite type over K . The following theorem of
Matsumura and Oort [MO68] was mentioned in the introduction and proves the existence of our
main object of interest.
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Theorem 2.1. Let X be a proper scheme over K . Then, the functor
AutX/K : (Sch/K)
op → (Sets)
S 7→ Aut(X × S → S),
where Aut(X × S → S) is the group of automorphisms of X × S over S, is representable by a
group schemeAutX/K which is locally of finite type overK . In particular, its connected component
of the identity Aut0X is of finite type over K .
Remark 2.2. More generally, one can prove the existence of a scheme of automorphisms AutX/C
for a proper and flat morphism f : X → C of schemes, where C is a normal and locally Noetherian
scheme of dimension at most 1, as follows: The relative Hilbert functor for X ×C X → C is
representable by a separated algebraic space H which is locally of finite presentation over C (by
[Art69, Section 6]), the functor AutX/C is an open subfunctor of H (by [GD63, Proposition 4.6.7
(ii)]), and every separated algebraic group space that is locally of finite type over C is in fact a
group scheme over C (by [Ray70, The´ore`me (3.3.1).]). This also shows that AutX/C exists as an
algebraic group space under much weaker assumptions on C .
If the base scheme C is clear from the context, we will simply write AutX for the functor of
automorphisms of X over C . For a scheme X and a closed subscheme Z ⊆ X, we let Aut(Z,X) ⊆
AutX be the subgroup functor of automorphisms of X preserving Z . Its S-valued points are given
by
Aut(Z,X)(S) = {α ∈ AutX(S) | Z × S = (X × S)×α,(X×S) (Z × S) →֒ X × S}.
That is, we want Z×S = (X×S)×α,(X×S) (Z×S) as closed subschemes ofX×S. Equivalently,
Aut(Z,X) is the stabilizer of theK-valued point corresponding to Z in the Hilbert functor ofX over
K . This second interpretation shows the following.
Corollary 2.3. If X is proper, then Aut(Z,X) is a closed subgroup scheme of AutX .
Remark 2.4. If a group scheme G acts on X, then the condition that G → AutX factors through
Aut(Z,X) can be rephrased as ρ
−1IZ = pr
−1
2 IZ , where ρ : G × X → X is the action, pr2 is the
second projection, IZ is the ideal sheaf of Z inX, and pr
−1
2 IZ and ρ
−1IZ denote the corresponding
inverse image ideal sheaves. For more details, see [Fog73, Section 2].
2.1.1. Equivariant morphisms and birational modifications. In this section, we will study how
group scheme actions behave with respect to (birational) morphisms. First, we note that the con-
struction of Aut(Z,X) is compatible with scheme theoretic images in the following sense.
Lemma 2.5. Let Z ⊆ X be a closed subscheme of a scheme X and G a subgroup functor of
Aut(Z,X). Let f : X → Y be a G-equivariant morphism. Then, the induced morphism G→ AutY
factors through Aut(f(Z),Y ), where f(Z) is the scheme theoretic image of Z under f .
PROOF. It suffices to observe that for every K-scheme S and fS : X × S → Y × S, the scheme
theoretic images satisfy fS(Z × S) = f(Z)× S. This is true by [GW10, Lemma 14.6]. 
In general, not every G-action on X descends to Y . An important case where we get an induced
G-action is given by Blanchard’s Lemma (see e.g. [Bri17, Theorem 7.2.1]):
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Theorem 2.6 (Blanchard’s Lemma). Let f : X → Y be a proper morphism of schemes with
f∗OX ∼= OY and let G be a connected group scheme acting on X. Then, the following hold:
(i) There is a unique G-action on Y such that f is G-equivariant.
(ii) If X and Y are proper, there is a natural homomorphism f∗ : Aut
0
X → Aut0Y .
(iii) If, additionally, f is birational, then f∗ : Aut
0
X → Aut0Y is a closed immersion.
Alternatively, we can start with a group scheme action on Y and ask whether it lifts along a
birational modification f : X → Y to a compatible action on X.
Proposition 2.7. Let Z ⊆ X be a closed subscheme of a scheme X and let π : BlZ(X) → X
be the blow-up of X in Z . Let G be a group scheme acting on X. If G → AutX factors through
Aut(Z,X), then theG-action lifts to BlZ(X). The converse holds ifG→ AutBlZ(X) factors through
Aut(pi−1(Z),BlZ(X)).
PROOF. Since the action map ρ : G×X → X is flat and blow-up commutes with flat base-change,
we have the following diagram of solid arrows with cartesian square
G× BlZ(X)
id×pi
((◗
◗
◗
◗
◗
◗
◗
◗
◗
◗
◗
◗
◗
◗
◗
◗
ι
// Y := Proj
∞⊕
i=0
(ρ−1IZ)
i ρ
′
//
pi′

BlZ(X)
pi

G×X ρ // X
and we are asking for the existence of the map ι such that ρ′ ◦ ι is an action of G and such that the
above diagram commutes. If G → AutX factors through Aut(Z,X), then Y ∼= G × BlZ(X) over
G×X by Remark 2.4 and we get the desired map ι. The converse statement follows from Lemma
2.5, since Z is the scheme-theoretic image of π−1(Z). 
Remark 2.8. In Corollary 2.18, we will see that ifG is connected and the normal bundleNE/BlZ (X)
of E := π−1(Z) in BlZ(X) satisfies h
0(E,NE/BlZ(X)) = 0, then G preserves E. In particular,
this holds if π is the contraction of a negative definite configuration of curves on a smooth surface.
Let ν : X˜ → X be a finite and birational morphism. Then, the conductor ideal Iν of ν is defined
as
Iν = HomOX (ν∗OX˜ ,OX) = AnnOX (ν∗OX˜/OX) ⊆ OX .
We let Cν ⊆ X be the closed subscheme defined by Iν and call it the conductor of ν. Then, the
locus where ν is not an isomorphism is precisely Cν . If both X˜ and X are Gorenstein, it follows
from relative duality [Kle80] that Iν · ωX = ν∗(ωX˜). In particular, Iν is reflexive and thus Cν is a
generalized divisor in the sense of [Har94]. The fact that ν−1Iν is locally principal can be used to
show that ν is the blow-up of Iν (see [Pie78, Proposition 2.9]). Using Proposition 2.7, we obtain
the following proposition.
Proposition 2.9. Let ν : X˜ → X be a finite and birational morphism between Gorenstein schemes.
Then, X˜ = BlCν (X) and thus a G-action onX lifts to X˜ if and only if G→ AutX factors through
Aut(Cν ,X).
PROOF. By Proposition 2.7, theG-action onX lifts to X˜ ifG→ AutX factors throughAut(Cν ,X).
INFINITESIMAL AUTOMORPHISMS OF ALGEBRAIC VARIETIES AND VECTOR FIELDS ON ELLIPTIC SURFACES 7
For the converse, note that, because ρ and pr2 : G × X → X are flat and id × ν is the base
change of ν along both ρ and pr2, we can use the fact that cohomology, annihilators, and quotients
commute with flat base change to obtain
pr2
−1(ICν ) = pr2
−1(AnnOX (ν∗OX˜/OX)) = AnnOG×X (((id × ν)∗OG×X˜)/OG×X)
= ρ−1(AnnOX (ν∗OX˜/OX)) = ρ−1(ICν ).
Hence, by Remark 2.4, the G-action on X preserves Cν . 
Remark 2.10. In particular, if X is a reduced proper scheme over K such that X and its nor-
malization X˜ are Gorenstein, the scheme of automorphisms of X that lift to X˜ is precisely the
stabilizer of the conductor. This seems to be the ”general principle” mentioned in the calculation of
the automorphism scheme of a cuspidal plane cubic curve in [BM76, p. 213].
2.1.2. Fixed points. Recall that if a group scheme G acts on a scheme X, then the subfunctor of
fixed points for this action is defined as
XG(S) := {x ∈ X(S) | g(xT ) = xT for all S-schemes T and g ∈ G(T )}
By [Fog73, Theorem 2.3],XG is representable by a closed subscheme ofX. We have the following
lemma, whose proof is the same as the one of the corresponding statement for actions of abstract
groups and thus left to the reader.
Lemma 2.11. Let X be a scheme and let H ⊆ G be a normal subgroup scheme of a group scheme
G. Assume that G acts on X. Then, G acts on the fixed locus of the induced H-action on X, that
is, G→ AutX factors through Aut(XH ,X).
This simple observation can sometimes be used to obtain information about fixed points of G via
the following corollary.
Corollary 2.12. Let X be a scheme and let H ⊆ G be a normal subgroup scheme of a connected
group scheme G that acts on X. Assume that XH admits a connected component P isomorphic to
SpecK . Then, P ∈ XG
PROOF. By Lemma 2.11, G acts on XH and since G is connected, this action preserves the con-
nected components of XH . By our assumption, the connected component of XH containing P is
isomorphic to SpecK . Therefore, the induced G-action on P is trivial, hence P ∈ XG. 
2.1.3. Some deformation theory. In this section, we will use the deformation theory of a closed
subscheme Z of a scheme X to obtain information about the functor Aut(Z,X). For the necessary
background on deformation theory, we refer the reader to [Ser06]. We fix the following notation.
Notation 2.13. Let Z ⊆ X be a closed subscheme of a scheme X.
• DefZ is the functor of deformations of Z .
• DefZ/X is the functor of deformations of Z in X.
• Def ′Z/X is the subfunctor of deformations of Z in X mapping to the trivial deformation of
Z via the forgetful map F : DefZ/X → DefZ .
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• ÂutX is the restriction of AutX to the category ArtopK of Artinian local K-schemes with
residue field K whose closed points map to idX . For every such S ∈ ArtopK , there is a
natural map ÂutX(S)→ Def ′Z/X(S) given by α 7→ (X × S)×α,(X×S) (Z × S).
We warn the reader that, even ifX is smooth and proper, the functor Def ′Z/X does not have a hull
in general. The reason is that ifH is a hull for DefZ and {∗} → DefZ is the morphism that maps S
to the trivial deformation, then H ′ := {∗} ×DefZ H → H is a monomorphism of functors of Artin
rings butH ′ may not be prorepesentable. IfH ′ is prorepresentable, we say thatH is a good hull for
DefZ . Note that if DefZ is prorepresentable, then it admits a good hull.
Lemma 2.14. Let Z ⊆ X be a closed subscheme of a proper scheme X. If DefZ admits a good
hull, then Def ′Z/X is prorepresentable.
PROOF. By definition, Def ′Z/X is the fiber product {∗}×DefZDefZ/X . IfDefZ admits a good hull
H withH ′ := {∗}×DefZ H , then Def ′Z/X = H ′×H DefZ/X and thus Def ′Z/X is prorepresentable.

Example 2.15. If Z is a cuspidal plane cubic over an algebraically closed field k of characteristic
p ≥ 0, then DefZ admits a good hull if and only if p 6∈ {2, 3} (see [BM76, p.202]).
Remark 2.16. In fact, using Schlessinger’s criteria [Sch68], one can prove that Def ′Z/X is prorep-
resentable if and only if it has a hull. Note, however, that Def ′Z/X may be prorepresentable even if
DefZ does not admit a good hull, for example if Def
′
Z/X = DefZ/X .
The reason why we care about the functor Def ′Z/X is that we can use it to check whether the
inclusion Aut0(Z,X) ⊆ Aut0X is an equality.
Lemma 2.17. Let X be a proper scheme and Z ⊆ X a closed subscheme. The natural map
ÂutX → Def ′Z/X is constant if and only if Aut0(Z,X) = Aut0X .
PROOF. SinceAut0(Z,X) → Aut0X is a closed immersion and both sides are connected, the equality
Aut0(Z,X) = Aut
0
X holds if and only if ÂutX = Âut(Z,X). From the definitions, we see that
Âut(Z,X) is the fiber of ÂutX → Def ′Z/X over the trivial deformation of Z in X. Thus, ÂutX =
Âut(Z,X) if and only if ÂutX → Def ′Z/X is constant. 
Now, we want to understand the tangent spaces of the functors recalled in Notation 2.13. To this
end, we define a subsheaf TX〈Z〉 ⊂ TX of the tangent sheaf TX of X via
TX〈Z〉(U) = {D ∈ TX(U) | D(IZ(U)) ⊆ IZ(U)}.
We recall that NZ/X denotes the normal sheaf of Z in X and that K[ǫ] := K[x]/x
2 is the ring of
dual numbers. Then, with a slight abuse of notation, we get the following well-known identifications
of the relevant tangent spaces:
• Âut(Z,X)(K[ǫ]) = H0(X,TX〈Z〉).
• ÂutX(K[ǫ]) = H0(X,TX ).
• DefZ/X(K[ǫ]) = H0(Z,NZ/X ).
INFINITESIMAL AUTOMORPHISMS OF ALGEBRAIC VARIETIES AND VECTOR FIELDS ON ELLIPTIC SURFACES 9
• Def ′Z/X(K[ǫ]) = ker(H0(Z,NZ/X)→ DefZ(k[ǫ])).
• IfZ is reduced, thenDefZ(K[ǫ]) = Ext1(ΩZ ,OZ) and ifZ is smooth, then Ext1(ΩZ ,OZ) =
H1(Z, TZ). In these cases, the differential of the forgetful map F : DefZ/X → DefZ is
induced by the conormal sequence.
Corollary 2.18. If Def ′Z/X is trivial and X is proper, then Aut
0
(Z,X) = Aut
0
X . This holds in each
of the following cases:
(a) H0(Z,NZ/X) = 0.
(b) Z is reduced, Def ′Z/X is prorepresentable and H
0(Z,NZ/X)→ Ext1(ΩZ ,OZ) is injective.
(c) X is smooth in a neighborhood of Z and Z is a reduced, connected and singular effective
divisor onX with NZ/X = OZ such that Def ′Z/X is prorepresentable.
PROOF. First, observe that Lemma 2.17 shows that Aut0(Z,X) = Aut
0
X holds if Def
′
Z/X is trivial,
so we have to check that Def ′Z/X is trivial under any of the stated conditions.
Since DefZ/X is prorepresentable, it is trivial as soon as H
0(Z,NZ/X ) = 0. As Def
′
Z/X is a
subfunctor of DefZ/X , it is also trivial in this case. This is Claim (a).
As for Claim (b), since Def ′Z/X is prorepresentable, it suffices to check that Def
′
Z/X(K[ǫ])
is trivial. But by the facts recalled above and since Z is reduced, we have Def ′Z/X(K[ǫ]) =
ker(H0(Z,NZ/X )→ Ext1(ΩZ ,OZ)).
To prove Claim (c), we thus have to prove that H0(Z,NZ/X) → Ext1(ΩZ ,OZ) is injective.
Since Z is a reduced effective Cartier divisor, we have the short exact conormal sequence
0→ OZ(Z)→ ΩX |Z → ΩZ → 0.
Applying Hom(−,OZ), we obtain
H0(Z, TX |Z)→ H0(Z,NZ/X) = Hom(OZ(Z),OZ) f→ Ext1(ΩZ ,OZ).
The map f associates to a morphism ϕ : OZ(Z) → OZ the pushout of the conormal sequence
along ϕ. Since Z is connected, the space H0(Z,NZ/X) = H
0(Z,OZ ) is 1-dimensional, so that
f is either trivial or injective. Suppose that f is trivial, that is, that f(id) = 0. This means that
the conormal sequence splits. Thus, ΩZ is locally free, being a direct summand of the locally free
sheaf ΩX |Z and the rank of ΩZ is dimZ = dimX − 1. Therefore, Z is smooth, contradicting our
assumption that Z is singular. Hence, f is injective and Claim (c) follows from Claim (b). 
Remark 2.19. Without the assumption on the prorepresentabilty of Def ′Z/X , the proof of Corollary
2.18 (b) and (c) shows that H0(X,TX 〈Z〉) = H0(X,TX ). Indeed, the map ϕ : H0(X,TX) →
H0(Z,NZ/X ) factors through H
0(Z, TX |Z), so the above proof shows that ϕ is trivial, hence
H0(X,TX 〈Z〉) = ker(ϕ) = H0(X,TX ). In particular, even if Def ′Z/X is not prorepresentable,
the functors Aut(Z,X) and AutX have the same tangent space at the identity in case (b) and (c).
This implies, for example, that for every connected subgroup scheme G of AutX the intersection
G ∩Aut(Z,X) is non-trivial.
Another case where Aut(Z,X) and AutX have the same tangent space is if Z is given by a
Frobenius power of an ideal. Recall that if I ⊆ OX is an ideal sheaf, then its Frobenius power I [p]
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is the ideal sheaf which is locally generated by the p-th powers of generators of I . If I is locally
principal, then I [p] = Ip.
Lemma 2.20. Let Z ⊆ X be a closed subscheme of a scheme X and let Z [p] ⊆ X be the closed
subscheme defined by I
[p]
Z . Then, TX〈Z [p]〉 = TX . In particular, H0(X,TX〈Z [p]〉) = H0(X,TX )
holds.
PROOF. Let U ⊆ X be an open subset with IZ(U) = 〈f1, . . . , fn〉 and D ∈ TX(U). Then, using
the Leibniz rule, we deduce for arbitrary ai ∈ OX(U) that
D(
n∑
i=1
aif
p
i ) =
n∑
i=1
fpi D(ai) ∈ IZ[p](U).

2.1.4. Examples of group schemes and some structure theory. If char(K) > 0 and X is a scheme
over K , we write X(p) for the pullback of X along the K-linear Frobenius. For a group scheme
G over a field of positive characteristic K , the notation G[Fn] denotes the kernel of the n-fold
K-linear Frobenius Fn : G → G(pn). If G is finite and connected, then G[Fn] = G for n ≫ 0.
If k ⊆ K is a field extension, we write GK for G ×Spec k SpecK . Let us recall G[Fn] for some
common group schemes over an algebraically closed field k:
• If G = Gm, then G[Fn] =: µpn .
• If G = Ga, then G[Fn] =: αpn .
• If E is an ordinary elliptic curve, then E[Fn] ∼= µpn .
• IfE a supersingular elliptic curve over k, then E[Fn] =:Mn andMn is an n-fold non-split
extension of αp by itself.
In each case, length(G[Fn]/G[Fn−1]) = p, so the above list is a complete enumeration of all
finite connected subgroup schemes of these four group schemes. Next, let us recall some structural
results for a group scheme G of finite type over a field K .
Lemma 2.21. Let G be a group scheme of finite type over a field K . Then,
(i) (Cartier’s Theorem) If char(K) = 0, then G is reduced.
(ii) The connected component of the identity G0 ⊆ G is a closed subgroup scheme.
(iii) There is a smallest normal subgroup scheme H ⊆ G such that G/H is affine. This H is
smooth, connected, commutative and contained in the center of G0.
(iv) There is a smallest normal subgroup schemeH ⊆ G such that G/H is proper. ThisH is affine
and connected.
(v) There is a smallest normal subgroup scheme H ⊆ G such that Gab := G/H is commutative.
(vi) IfK is perfect, then Gred ⊆ G is a closed and smooth subgroup scheme.
PROOF. Claim (i) is [ABD+65, VIB.1.6.1.], claims (ii), (iii), and (iv) can be found in [Bri17,
Theorem 1, Theorem 2], for claim (v) see [Mil17, Proposition 6.17], and for claim (vi) see [Bri17,
Proposition 2.5.2.]. 
Recall that the Cartier dual G∨ := Hom(G,Gm) of a finite commutative group scheme G
is also a finite and commutative group scheme and we have (G∨)∨ ∼= G. The homomorphism
V : G(p) → G induced by the Frobenius on G∨ is called Verschiebung and denoted by V . For
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the following well-known lemma, we refer the reader to the chapters on finite group schemes in
[Wat79] or [Mil17].
Lemma 2.22. Let G be a finite and commutative group scheme over a field K . Then, the following
hold:
(i) IfK is perfect, then there is a functorial decomposition
G ∼= Grr ×Grl ×Glr ×Gll
where Gxy is reduced if x = r and connected if x = l, and G
∨
xy is reduced if y = r and
connected if y = l. We say that G is of type xy if G ∼= Gxy for x, y ∈ {r, l}.
(ii) IfK = k is algebraically closed, then
(1) Grr is the constant group scheme associated to an abelian group of order prime to p,
(2) Grl is the constant group scheme associated to an abelian group of p-power order,
(3) Glr ∼=
∏m
i=1 µpni for some ni,m ≥ 0,
(4) Gll is an iterated extension of αp by itself. Moreover, Gll ∼= αrp for some r ≥ 0 if and only
if both F and V are trivial on Gll.
Lemma 2.23. Let G and H be finite and commutative group schemes over an algebraically closed
field k. Then, the following hold:
(i) If G is of type xy and H is of type x′y′ and if there is a non-trivial homomorphism G → H ,
then (x, y) = (x′, y′).
(ii) IfM is an extension of G by H , then we have the following:
(1) If G and H are of type lr, thenM is commutative of type lr.
(2) If G is of type ll and H is of type lr, thenM ∼= H ×G.
(3) If G is of type lr and H is of type ll, thenM ∼= H ⋊G.
PROOF. Claim (i) follows from functoriality of the canonical decomposition of a finite commu-
tative group scheme. Claim (ii) (1) is [Mil17, Theorem 15.39.], the splitting in Claim (ii) (2) is
[Mil17, Theorem 15.37.] and that M is in fact a direct product follows from the fact that AutH is
e´tale. Finally, Claim (ii) (3) is proved in the same way as [Mil17, Theorem 15.34.(b)]. 
2.2. Linearization of µnp -actions and a fixed point formula. From now on, we will work over
an algebraically closed field k of characteristic p > 0. Let X be a smooth variety over k with a
faithful µpn-action. Let P ∈ X be a fixed point of this action. Since µpn is linearly reductive, it is
well-known (see e.g. [Sat12, Proof of Corollary 1.8]) that the action of µpn on X can be linearized
in a formal neighborhood of P in X. If X is a surface, ”linearizability” means that there is a
µpn-equivariant isomorphism
ÔX,P → k[[x, y]],
where the action of µpn on k[[x, y]] is linear. After possibly conjugating this action, we can assume
that µpn acts diagonally on k[[x, y]], that is, via the coaction
k[[x, y]] → k[[x, y]] ⊗k k[λ]/(λp − 1)
x 7→ x⊗ λ
y 7→ y ⊗ λa
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for some 0 ≤ a ≤ pn − 1. We say that the µpn-action on X is of type 1pn (1, a) at P . The fact
that one can linearize µpn-actions has the following consequences for the fixed locus X
µpn and the
quotient q : X → Y := X/µpn .
• Xµpn is representable by a smooth closed subscheme of X (see [Fog73, Theorem 5.4]).
• If X is a surface, then q(P ) is a singular point of Y if and only if P is an isolated fixed
point of the µpn-action (see [Sat12, Theorem 1.3]).
• If X is a surface and p ∤ a, then q(P ) is a cyclic quotient singularity of type 1pn (1, a) (see
e.g. [Hir99, Theorem 2.3] for n = 1; the general case is similar).
Remark 2.24. Actions of µp (and αp) on X correspond bijectively to vector fields D on X with
Dp = D (resp. Dp = 0). An explicit description of this correspondence can be found for example
in [Tzi17a, Section 3]. We remark that the fixed locus of the action is identified with the zero locus
of the vector field via this correspondence. Vector fields with Dp = λD for some λ ∈ k(X) are
called p-closed, and D is called multiplicative (resp. additive) if Dp = D (resp. Dp = 0).
We will now prove a fixed point formula for µpn-actions on smooth projective varieties. It may
be possible to give a proof similar to the proof of the fixed point formula for torus actions on smooth
varieties by Iversen [Ive72], but we were not able to find a suitable reference.
Theorem 2.25. Let X be a smooth proper variety with an action of a finite commutative group
scheme G of type lr. Then, the ℓ-adic Euler characteristics of X and XG coincide, that is,
e(X) = e(XG)
PROOF. Since Xµpm is a smooth proper variety for all µpm ⊆ G and G is commutative, we can
use Lemma 2.11, Lemma 2.22 (ii) (3), and induction on the length of G to assume without loss of
generality that G ∼= µp.
Then, by Remark 2.24, the G-action corresponds to the action of a multiplicative vector fieldD,
and the fixed locusXµp coincides with the zero locus ofD. Phrased differently, the fixed locusXµp
is the zero locus of a section of TX and therefore e(X
µp) = cdim(X)(TX) = e(X). 
Remark 2.26. The fixed point formula for torus actions given in [Ive72] can be deduced from
Theorem 2.25 by considering the µpn-actions induced by a given Gm-action and letting n→∞.
Remark 2.27. Note that if X is a smooth proper variety with an action of αp, then also e(X) =
e(Xαp), by the same proof as in the µp-case. However, as X
αp is not necessarily smooth, it is
unclear how to extend this to actions of, say,Mn.
2.3. Elliptic surfaces. In this section, we will recall the necessary background on elliptic surfaces
over the algebraically closed field k. Following [Mum69], we say that a non-zero effective divisor
F =
∑n
i=1 aiFi on a smooth surface X is of canonical type if F.Fi = KX .Fi = 0 for all i. We
say that F is indecomposable, if it is not a non-trivial sum of divisors of canonical type. Every fiber
of an elliptic fibration is a curve of canonical type and, conversely, for many surfaces, curves of
canonical type can be used to prove the existence of elliptic fibrations.
Let us recall the Kodaira–Ne´ron classification of indecomposable divisors F of canonical type
(see e.g. [Kod63]). If F is irreducible, it is either an elliptic curve (Type I0), a nodal rational
curve (Type I1) or a cuspidal rational curve (Type II). If F is not irreducible, its components are
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(−2)-curves. If the components of F do not intersect transversally, then F consists either of two
(−2)-curves which meet with multiplicity 2 at one point (Type III) or of three (−2)-curves meeting
transversally in a single point (Type IV). In all other cases, all curves intersect transversally in
distinct points and the resulting dual graphs are given in the following table. We call F additive if
it is not of type In and multiplicative if it is of type In with n ≥ 1.
Type of F I0 I1 Im I
∗
m II III IV IV
∗ III∗ II∗
Dual Graph − − A˜m−1 D˜m+4 − A˜1 A˜2 E˜6 E˜7 E˜8
Recall that by a result of Lichtenbaum and Shafarevich, the minimal proper regular model of a
curve of positive genus over a Dedekind scheme exists and is unique (see [Liu02, Theorem 9.3.21]).
In the setting of elliptic surfaces, this can be rephrased as follows.
Lemma 2.28. Let C be a smooth projective curve over k and let Fη → Spec k(C) be a smooth
projective curve of genus 1 over k(C). Then, there exists a unique elliptic surface f : X → C with
generic fiber Fη.
Using this, the Jacobian J(f) : J(X) → C of an elliptic surface f : X → C is simply the
minimal proper regular model of the Jacobian Pic0Fη of the generic fiber Fη of f . Note that the line
bundle OFη induces a canonical section of J(f) and, away from the multiple fibers of f , the smooth
locus of f is a torsor under the smooth locus of its Jacobian. We call an elliptic surface f Jacobian
if f admits a section.
Now, let f : X → C be an elliptic surface and choose integers mi and indecomposable divisors
Fi of canonical type for i = 1, . . . , n such that themiFi are precisely the multiple fibers of f . Then,
mi is called multiplicity of Fi and whenever we say that mF is a fiber of f , we implicitly assume
thatm is the multiplicity of the fiber. Set Pi := f(Fi). Let L⊕T be the decomposition of R1f∗OX
into its locally free part L and its torsion part T . A multiple fibermiFi of f is called wild if TPi 6= 0
and tame otherwise. Equivalently, miFi is tame if and only if νi = mi, where νi is the order of the
normal bundle of Fi in X.
Recall the following formulas:
• (Application of Riemann–Roch)
χ(X,OX ) = χ(X,ω⊗nX ) ≥ 0
for all n ∈ Z.
• (Noether formula)
12χ(X,OX ) = c2(X).
• (Igusa inequality)
rk(Num(X)) ≤ b2(X)
.
• (Canonical bundle formula (see [BM77, Theorem 2]))
There are integers 0 ≤ ai ≤ mi − 1 and γi such that
ωX ∼= f∗(ωC ⊗ L−1)⊗OX(
n∑
i=1
aiFi)
mi = p
γiνi
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where deg(ωC ⊗ L−1) = 2g(C) − 2 + χ(X,OX ) + length(T ) and νi is the order of the
normal bundle of Fi inX.
• (Ogg’s formula (see [Ogg67]))
Let ∆f be the discriminant of f and vP (∆f ) the order of vanishing of ∆f at P ∈ C .
Then,
c2(X) =
∑
P∈C
vP (∆f ).
Moreover, if FP denotes the fiber over P , then vP (∆f ) = e(FP ) + δFP , where e(FP ) is
the topological Euler characteristic of FP and δFP is the Swan conductor of FP . Ifm is the
number of components of FP , then
e(FP ) =

0 if (FP )red is smooth ,
m if FP is multiplicative,
m+ 1 if FP is additive.
and
δFP =

0 if p 6= 2, 3 or FP multiplicative,
0 if p = 3 and FP of type III, III
∗ or I∗n,
0 if p = 2 and FP of type IV or IV
∗,
≥ 2 if p = 2 and FP of type II or I∗n with n 6= 1,
≥ 1 else .
.
For the list of Swan conductors, see e.g. [SS10, p. 67].
• (Comparison of f and J(f) (see [LLR04]))
Let P ∈ C and FP resp. F ′P be the fibers of f resp. J(f) over P . Then,
(i) f and J(f) have the same j-map,
(ii) FP and F
′
P are of the same type,
(iii) vP (∆f ) = vP (∆J(f)),
(iv) δFP = δF ′P ,
(v) c2(X) = c2(J(X)).
Finally, we introduce the notion of movable fiber, which will play an important roˆle throughout
this article. The letters a,m, γ, and ν will have the same meaning as the corresponding letters with
indices in the canonical bundle formula recalled above.
Definition 2.29. A fibermF of an elliptic surface f : X → C is called n-movable, if Aut0(nF,X) 6=
Aut0X . An m-movable fiber is simply called movable. We say that mF is n-movable by vector
fields, if H0(X,TX 〈nF 〉) 6= H0(X,TX ).
Clearly, an n-movable fiber is k-movable for all k ≤ n, and ifmF is n-movable by vector fields,
it is n-movable. The following lemma shows that movable fibers satisfy very special properties.
Lemma 2.30. LetmF be an n-movable fiber of f with n ≥ 1. Then,
(i) ν = 1, m = pγ with γ ≥ 0 and either a > n with p | a or a = 0. In particular, if mF is
movable, then a = 0.
(ii) F is smooth, or p ∈ {2, 3} and F is of type II. In the latter case, mF is not 1-movable by
vector fields.
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PROOF. By Corollary 2.18 (a), we have H0(F,NF/X) 6= 0. Since NF/X has degree 0 on every
component of F , we deduce NF/X = OF and therefore ν = 1 andm = pγ for some γ ≥ 0.
Suppose that a is prime to p. Then, there exists l ≥ 0 such that F appears as a reduced irre-
ducible component of the scheme-theoretic base locus of |lKX |. Since Aut0X acts naturally on this
base locus and preserves its connected components, we obtain Aut0(F,X) = Aut
0
X . Hence, p | a.
Moreover, if a 6= 0, then aF is an irreducible component of the scheme-theoretic fixed locus of
|KX |, so that a > n. Since a is bounded above by the multiplicity of F , we deduce that a = 0 if F
is movable.
Since (−2)-curves are infinitesimally rigid in X, Corollary 2.18 (a) shows that F is integral.
Next, if F is of type I1, then DefF is prorepresentable and thus so is Def
′
F/X by Lemma 2.14.
Then, Corollary 2.18 (c) shows that mF is not 1-movable. If F is of type II, then mF is not 1-
movable by vector fields by Remark 2.19. Moreover, if p 6= 2, 3, then DefF admits a good hull (see
Remark 2.15), so that F is not 1-movable by Lemma 2.14 and Corollary 2.18 (c). 
Remark 2.31. In Example 2.37, we will give examples of elliptic surfaces over an affine curve with
a movable fiber of type II in characteristic 2 and 3.
2.4. Automorphism schemes of genus 1 curves. In this section, we recall the structure of the
automorphism scheme of a curve C of genus 0 or 1 over an algebraically closed field k. This is
well-known if char(k) = p 6= 2, 3 and we refer the reader to [BM76, Proposition 6] for proofs in
the case of the cuspidal cubic if p = 2, 3.
Lemma 2.32. Let C be a reduced, irreducible curve of arithmetic genus 0 or 1 over k. Then, the
following hold:
(i) If C ∼= P1, then AutC ∼= PGL2.
(ii) If C is an elliptic curve, then Aut0C
∼= C .
(iii) If C is a nodal cubic curve, then Aut0C
∼= Gm.
(iv) If C is a cuspidal cubic curve, then Aut0C
∼= (Ga ⋊Ap)⋊Gm, where
Ap =

{1} if p 6= 2, 3,
α3 if p = 3,
(α2 × α2) · α2 if p = 2.
We will need further information on the fixed loci of some finite subgroup schemes of Aut0C in
the above cases.
Lemma 2.33. Let C be a reduced, irreducible curve of arithmetic genus 0 or 1 over k and let
G ⊆ AutC be a non-trivial connected subgroup scheme.
(i) If C = P1, then G has at most 2 fixed points on C . Moreover, G has precisely 2 fixed points if
and only if G ⊆ Gm.
(ii) If C is an elliptic curve, then G admits no fixed points on C .
(iii) If C is a nodal cubic curve, then G has exactly 2 fixed points on C and one of them is the node
of C .
(iv) If C is a cuspidal cubic curve and G ∼= µpn , then one of the following holds
(1) G has exactly 2 fixed points on C and one of them is the cusp of C ,
(2) pn = 2, G has exactly 3 fixed points on C and one of them is the cusp of C .
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(3) pn = 2, G has exactly 4 fixed points on C and all of them are smooth points of C ,
(4) pn = 3, G has exactly 3 fixed points on C and all of them are smooth points of C ,
(5) pn = 4, G has exactly 2 fixed points on C and both of them are smooth points of C . In this
case, the induced µ2-action is as in case (2).
PROOF. Claims (ii) and (iii) and the first part of Claim (i) are well-known. Let us prove the second
part of Claim (i). If G fixes two points on P1, then G ⊆ Gm. Conversely, if G ⊆ Gm, then we can
conjugate G ⊆ PGL2 so that it lies in the diagonal torus. Then, G fixes 0 and∞ on P1.
To prove Claim (iv), we recall that by [BM76, Proposition 6], one can identify the smooth locus
of C with A1 = Spec k[t] such that automorphisms of A1 induced by automorphisms of C are of
the following form:
t 7→ at+ b, a ∈ Gm, b ∈ Ga if p 6= 2, 3,
t 7→ at+ b+ ct3, a ∈ Gm, b ∈ Ga, c3 = 0 if p = 3,
t 7→ at+ b+ ct2 + dt4, a ∈ Gm, b ∈ Ga, c4 = d2 = 0 if p = 2.
Moreover, we refer the reader to [BM76, p. 212] for the calculation of the stabilizer of the cusp of
C , which is given by all substitutions if p 6= 2, 3, by the substitutions with c = 0 if p = 3, and by
the substitutions with c2 = d = 0 if p = 2.
If p 6= 2, 3, then G is conjugate to the µpn of maps t 7→ at, a ∈ µpn . Its fixed points are t = 0
and the cusp of C .
If p = 3, then we can conjugate G such that either G acts as above or as t 7→ at+ (1− a)t3 with
a3 = 1. In the latter case, the fixed points are given by t3 = t. This µ3-action does not fix the cusp
of C .
If p = 2, we can conjugate G such that it acts in one of the following ways with λ, µ ∈ k:
t 7→ at, a ∈ µ2n ,
t 7→ at+ λ(1 + a)t2 + µ(1 + a)t4, a ∈ µ2,
t 7→ at+ (a+ a2)t2 + (1 + a2)t4, a ∈ µ4.
In the first case, G fixes t = 0 and the cusp of C . In the second case, G fixes the points where
µt4+λt2+ t = 0. If µ 6= 0, this shows that G fixes 4 smooth points on C and does not fix the cusp,
whereas if µ = 0, the action of G has 2 smooth fixed points on C and fixes the cusp. In the third
case, G fixes t ∈ {0, 1} and does not fix the cusp of C . Moreover, G[F ] = µ2 acts as in the second
case with µ = 0. This proves Claim (iv). 
Using Lemma 2.33, we can determine how µpn-actions on an elliptic surface f : X → C can
restrict to reducible fibers of f and determine the possible fixed loci.
Corollary 2.34. Let f : X → C be an elliptic surface with µpn ⊆ Aut0X . Let mF be a singular
fiber of f . Then, the following hold:
(i) If F is not of type II or III, then e(F ) = e(Fµpn ).
(ii) If F is of type III, then e(F ) = e(Fµpn ) = 3, or pn = 2 and e(Fµ2) = 4.
(iii) If F is of type II, then F is preserved by the µpn-action, and
(1) e(F ) = e(Fµpn ) = 2, or
(2) pn = 3 and e(Fµ3) = 3, or
(3) pn = 2 and e(Fµ2) ∈ {3, 4}.
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PROOF. If F is not of type II, thenmF is not 1-movable by Lemma 2.30, so the µpn-action onX
restricts to a µpn-action on F .
In the first case, all intersections of components of F are transversal. Since µpn preserves all
components, it fixes all their intersections. Now, the statement can be checked case by case and the
proof is the same as in [Dol13, Lemma 2].
In the second case, the intersection of the two components E1, E2 of F is not transversal. If µpn
fixes (E1∩E2)red, then e(Fµpn ) = 3 by Lemma 2.33 (i) and, since e(F ) = 3, this gives the desired
equality of Euler characteristics. If µpn does not fix (E1∩E2)red, then it fixes two points on each of
the Ei by Lemma 2.33 (i). Consider the contraction π : X → X ′ of E1. Then, π(E2) is a cuspidal
curve on X ′, the µpn-action on X
′ induced via Theorem 2.6 has three fixed points on π(E2) and
one of them is the cusp of π(E2) by Proposition 2.7. Hence, p
n = 2 by Lemma 2.33.
If F is of type II, the only statement that is not already included in Lemma 2.33 is the fact that F
is preserved by µpn . To prove this, note that F is not 1-movable by vector fields by Lemma 2.30 and
hence µpn ∩ Aut0(F,X) is non-trivial. In particular, the induced µp-action preserves F . By Lemma
2.33, this µp-action has an isolated fixed point Q on F . Since X
µp is smooth at Q, the point Q is
also a fixed point of the µpn-action by Corollary 2.12. Therefore, by Lemma 2.7, the µpn-action
lifts to the blowup X˜ ofX atQ. Since the strict transform F˜ of F in X˜ is a negative curve, we have
Aut0
(F˜ ,X˜)
= Aut0
X˜
by Corollary 2.18 and therefore the µpn-action on X preserves F by Lemma
2.5. 
Remark 2.35. It was claimed in [RSˇ76, Lemma 3] that the exceptional case in Corollary 2.34 (ii)
does not occur. We will give a counterexample to this statement in Example 5.14. The proof of
[RSˇ76, Lemma 3] seems to be correct up until the last sentence, where it is claimed that the con-
figuration described in [RSˇ76, p. 1224] is not of Kodaira type. In fact, the configuration described
there is of type I∗1.
Remark 2.36. The proof of Corollary 2.34 (iii) shows more generally that an irreducible fiber F of
an elliptic fibration f : X → C is preserved by a group scheme action as soon as the action has a
fixed point on F .
Example 2.37. The following examples show that, at least locally, there may be group scheme
actions on elliptic surfaces that actually move fibers of type II in characteristic 2 and 3: Let p = 2
and let X ⊆ P2k[t] be the smooth surface defined by
y2z + t4yz2 = x3 + tz3.
The generic fiber of X → Spec k[t] is an elliptic curve and the fiber F at t = 0 is a cuspidal cubic.
There is an α4-action on X defined by
(x, z) 7→ (x, z)
y 7→ y + az
t 7→ t+ a2 + at4
where a4 = 0. Note that the induced α2-action preserves F , but the α4-action itself does not.
Moreover, the α4-action has no fixed point on f , since the induced α4-action on Spec k[t] has no
fixed point. A similar example of an α9-action in characteristic 3 exists on the surface defined by
y2z = x3 + t9xz2 + tz3.
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3. VERTICAL AUTOMORPHISMS
In this section, f : X → C is an elliptic surface over an algebraically closed field k. The purpose
of this section is to study the group scheme of vertical automorphisms of elliptic surfaces. Recall
that because of Blanchard’s Lemma (see Theorem 2.6) there is a natural map f∗ : Aut
0
X → Aut0C .
Definition 3.1. Let f : X → C be an elliptic surface. The group scheme of vertical automorphisms
of X is defined as ker(f∗), where f∗ : Aut
0
X → Aut0C is the natural map.
After recalling the notion of Weil restrictions of group schemes along the field extension h :
Spec k(C)→ Spec k, we will first study the action of ker(f∗) on the generic fiber Fη of f and then
determine obstructions to extending such actions to the surface X.
3.1. Automorphisms of the generic fiber. Recall the following results on Weil restrictions from
[BLR90, Section 7.6].
Definition 3.2. The Weil restriction of a scheme G over k(C) along h : Spec k(C) → Spec k is
defined as the presheaf
h∗G : (Sch/k)
op → (Sets)
T 7→ G(T ×Spec k Spec k(C)).
Lemma 3.3. There is a bijection of sets of homomorphisms of presheaves
HomSpec k(T, h∗G)→ HomSpec k(C)(T ×Spec k Spec k(C), G)
which is functorial in the k-scheme T and the k(C)-scheme G.
Lemma 3.4. Let G be a group scheme over k(C), let G′ be a group scheme over k and let g :
G′k(C) → G be a morphism of group schemes such that the induced map h∗g : G′ → h∗G is a
monomorphism of presheaves. Then, the only subscheme of ker(g) that can be defined over k is the
trivial subgroup scheme. In particular, ker(g)red is trivial.
PROOF. Let H ⊆ ker(g) be a subscheme which can be defined over k. Then, by definition, there
exists a scheme H ′ over k and a morphism H ′ → G′ whose base change along h agrees with
H → G′k(C). Since the induced map H → G is constant, it follows from the adjunction in Lemma
3.3 that the map H ′ → h∗G is constant. But h∗g is a monomorphism, hence H ′ is trivial and thus
so isH . In particular, ker(g) contains only one point and hence ker(g)red is trivial. 
Wewill now apply the Weil restriction to automorphisms of elliptic surfaces. For every k-scheme
T , we have a natural injective map
ker(f∗)(T )→ AutFη/k(C)(T ×Spec k Spec k(C)),
where Fη is the generic fiber of f . This defines a monomorphism of presheaves of groups ker(f∗)→
h∗AutFη/k(C) and hence we obtain a morphism of group schemes ϕ : ker(f∗)k(C) → AutFη/k(C)
from Lemma 3.3. The connected component of the identity of the latter group scheme is isomor-
phic to the generic fiber Jη of the Jacobian J(f) of f and we denote the induced map of identity
components by ϕ0 : ker(f∗)
0
k(C) → Jη . The following lemma shows that ϕ0 is injective as long as
Fη is ordinary.
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Lemma 3.5. Let f : X → C be an elliptic surface. Let G = ker(f∗)0 and let ϕ0 as above.
(i) The group scheme G is commutative and dim(G) ≤ 1,
(ii) If dim(G) = 1, then the Jacobian J(f) : J(X)→ C of f is trivial.
(iii) If Jη is ordinary, then ϕ
0 is injective. In this case, either dim(G) = 1 and Gk(C) ∼= Jη, or
dim(G) = 0 and G ∼= µpn for some n ≥ 0.
(iv) If Jη is supersingular, then we have G[F ] ∼= αrp for some r ≥ 0. If r = 1, then either
dim(G) = 1 and Gk(C) ∼= Jη , or dim(G) = 0 and G ∼=Mn for some n ≥ 0.
PROOF. First, note that the action of G on X factors through Gab on a dense open subset of X,
because the automorphism scheme of a smooth curve of genus one is commutative. Therefore, the
action of G on all of X factors through Gab and thus G is commutative, proving the first part of (i).
To prove Claim (i) and (ii), let Gr := Gred be the reduction of G. Since k is perfect, Lemma
2.21 (vi) shows that this is a closed and smooth subgroup scheme of G. Assume that dim(G) ≥ 1.
Then, Gr is non-trivial. Consider the morphism ϕr : (Gr)k(C) → Jη obtained by restricting ϕ0 to
(Gr)k(C). By Lemma 3.4, the group scheme ker(ϕr) is zero-dimensional and connected, hence ϕr is
a purely inseparable isogeny of elliptic curves over k(C). But all finite connected subgroup schemes
of (Gr)k(C) are of the form (Gr)k(C)[F
n] for some n ≥ 0. Since (Gr)k(C)[Fn] = (Gr[Fn])k(C),
these subschemes can be defined over k. Hence, by Lemma 3.4, the map ϕr is an isomorphism.
Then, G×C → C is a minimal proper regular model for Jη over C and hence coincides with J(f)
by Lemma 2.28. In particular, J(f) is trivial. This yields Claim (i) and (ii).
To prove Claim (iii) and (iv), we use Lemma 2.22 (ii) to write G[Fn] ∼= G[Fn]lr ×G[Fn]ll and
consider the action of G[Fn] onX.
For Claim (iii), assume that Jη is ordinary. Then, almost all fibers of f are ordinary. By Lemma
2.23 (i), every action of G[Fn]ll on an ordinary elliptic curve is trivial, hence G[F
n] is of type
lr and thus isomorphic to
∏m
i=1 µpni for some m,ni ≥ 0 by Lemma 2.22 (ii) (3). Therefore,
we have (G[Fn])k(C) ∼=
∏m
i=1(µpni )k(C). Subgroup schemes of this group scheme correspond
to quotients of its reduced Cartier dual, hence all of them are defined over k. Thus, by Lemma
3.4 the intersection ker(ϕ0) ∩ G[Fn] is trivial and we have (G[Fn])k(C) ∼= Jη[Fn] ∼= (µpn)k(C)
and thus G[Fn] ∼= µpn . Since ker(ϕ0) is finite and connected, we have ker(ϕ0) ⊆ G[Fn] for
n ≫ 0, so we can in fact deduce that ϕ0 is injective. If dim(G) = 0, then G ∼= G[Fn] for n ≫ 0
and if dim(G) = 1, then G = Gred and, as in the second paragraph of the proof, ϕ
0 induces an
isomorphism Gk(C) → Jη. This yields Claim (iii).
As for Claim (iv), we assume that Jη is supersingular. Then, the group G[F ] is of type ll by
Lemma 2.23 (i). Moreover, the action of G[F ] on a general fiber E of f factors through E[F ].
Since Verschiebung is trivial on E[F ], the action of G[F ] on X factors through G[F ]/(V G[F ]),
hence V G[F ] = 0. Therefore, by Lemma 2.22 (ii), we have G[F ] ∼= αrp for some r ≥ 0. Now, if
r = 1, then αp is the unique simple closed subgroup scheme of G[F
n] for every n ≥ 1. Therefore,
if the morphism G[Fn] → E[Fn] is not injective for a general fiber E, then G[F ] = αp is in its
kernel and therefore (G[F ])k(C) ⊆ ker(ϕ), which is impossible by Lemma 3.4. Hence, G[Fn] is
isomorphic to its image in E[Fn] ∼=Mn. This yields Claim (iv). 
Remark 3.6. In Example 5.5, we will show that the integer r appearing in Lemma 3.5 (iv) can be
arbitrarily large in every positive characteristic.
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If Jη is ordinary, the existence of a subscheme isomorphic to (µpn)k(C) with n ≥ 1 in Jη al-
ready gives strong restrictions on the geometry of J(f). This is closely related to the Igusa moduli
problem, which is defined as follows.
Definition 3.7. The ordinary part Ig(pn)ord of the Igusa stack is the stack over the category of k-
schemes whose objects over a k-scheme T are families E → T of ordinary elliptic curves over T
together with a generator of E(p
n)[V n] := Ker(V n)(E(p
n) → E), where V : E(p) → E denotes
Verschiebung on E.
This moduli problem has been first studied by Igusa in [Igu68]. If pn ≥ 3, then Ig(pn)ord
is representable by a smooth curve defined over Fp (see [KM85, Corollary 12.6.3]). We denote
its smooth projective compactification by Ig(pn). Now, the following lemma is a straightforward
consequence of the definition of Ig(pn).
Lemma 3.8. Let J(f) : J(X) → C be a Jacobian elliptic surface with generic fiber Jη. Assume
that pn > 2 and (µpn)k(C) ⊆ Jη. Then, Jη is the pullback of the universal elliptic curve over Ig(pn)
along a morphism Spec k(C)→ Ig(pn).
PROOF. Since (µpn)k(C) ⊆ Jη has length pn, we have (µpn)k(C) = Jη [Fn]. Therefore, we have
(µpn)k(C) = Jη [F
n] ∼= J (pn)η [V n]∨, so that J (p
n)
η [V n] ∼= Z/pnZ. Choosing a generator of the latter
group, we obtain a morphism Speck(C)→ Ig(pn) inducing Jη via pullback of the universal elliptic
curve over Ig(pn). 
In [LS10], Liedtke and Schro¨er studied the singular fibers of the universal elliptic surfaces over
the Igusa curves Ig(p). Using their results and Lemma 3.8, we obtain the following corollary.
Corollary 3.9. Assume p > 3. Let f : X → C be an elliptic surface with (µp)k(C) ⊆ Aut0Fη/k(C).
LetmF be an additive fiber of f . Then, the following hold:
(i) F is not of type I∗n with n ≥ 1.
(ii) If p ≡ 1 mod 12, then F is of type I∗0.
(iii) If p ≡ 7 mod 12, then F is of type III, III∗ or I∗0.
(iv) If p ≡ 5 mod 12, then F is of type II, IV, IV∗, II∗ or I∗0.
PROOF. We have (µp)k(C) ⊆ Aut0Fη/k(C) ∼= Jη, where Jη is the generic fiber of the Jacobian of f .
Therefore, the curve Jη is a pullback of the universal elliptic curve over Ig(p
n) along a morphism
Spec k(C) → Ig(pn) by Lemma 3.8. Since f and J(f) have the same types of singular fibers, the
claim now follows by comparing the reduction types of the universal elliptic curve given in [LS10,
Theorem 10.1 and Theorem 10.3] with the tables in [SS10, Section 5.2.]. 
Remark 3.10. There is no analogue of Lemma 3.8 if Jη is supersingular. For αp and M2, this
follows immediately from [Lie11, Theorem 6.1], and forMn with n ≥ 3 one can simply iterate the
argument given in the proof there.
The genus g(Ig(pn)) of the Igusa curve has been computed by Igusa in [Igu68]. We have
g(Ig(pn)) =
1
48
(p− 1)(p2n−1 − 12pn−1 + 1) + 1− hp
2
,
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where
hp = number of supersingular j-invariants in k +

0 if p 6= 2, 3
1
3 if p = 3
3
8 if p = 2
.
In particular,
g(Ig(pn)) =

0 if pn ≤ 12
1 if pn ∈ {13, 16}
≥ 2 else
Corollary 3.11. Let f : X → C be an elliptic surface with c2(X) 6= 0. If µpn ⊆ ker(f∗), then
g(C) ≥ 1
48
(p− 1)(p2n−1 − 12pn−1 + 1) + 1− hp
2
PROOF. We can assume that pn > 2, for otherwise the right hand side of the inequality is negative.
Since the genus of smooth curves does not go down under taking finite covers, it suffices to show
that C admits a dominant rational map to Ig(pn).
By Lemma 3.5 (iv), the map ϕ : (µpn)k(C) → Jη induced by the inclusion µpn ⊆ ker(f∗) is
injective. Hence, Lemma 3.8 shows that there is a morphism Spec k(C) → Ig(pn). Seeking a
contradiction, we assume that this map is constant. Then, we have Jη = E ×Spec k Spec k(C) for
some ordinary elliptic curve E over k. Thus, E×C is a minimal proper regular model of Jη over C
and therefore it coincides with J(X) by Lemma 2.28. Then, 0 = c2(E×C) = c2(J(X)) = c2(X),
contradicting our assumption. Hence, Spec k(C) → Ig(pn) is dominant, which is what we had to
prove. 
3.2. Extending the action to X. In the previous subsection, we have seen how the existence of
a µpn-action on the generic fiber Fη of an elliptic surface f : X → C gives restrictions on f . In
this section, we gather several criteria for a connected group scheme action on Fη to extend to an
action onX. Using these criteria, we give geometric restrictions that have to be satisfied by elliptic
surfaces with non-trivial ker(f∗).
Definition 3.12. Let f : X → C be an elliptic surface with generic fiber Fη. Let G be a group
scheme and let ρη : G× Fη → Fη an action of G on Fη such that ρη is a morphism of C-schemes.
We say that ρη extends over p ∈ C if there is a commutative diagram
G× Fη //

Fη

G×Xp
ρp
// Xp,
where Xp := (X × SpecOC,p) and the vertical arrows are induced by the inclusion OC,p ⊆ k(C).
We say that ρη extends to X if there is a similar diagram with a morphism ρ : G ×X → X in the
second row.
Remark 3.13. Note that ρ and ρp are automatically actions of G, as associativity can be checked
on the schematically dense subscheme G×G× Fη of G×G×X.
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Recall from the previous subsection that an action ρη : G × Fη → Fη as above gives rise to a
translation action ρ′η : G× Jη → Jη, where Jη is the generic fiber of the Jacobian J(f) of f . In the
following proposition, we relate extendability of ρη to extendability of ρ
′
η.
Proposition 3.14. Let f : X → C be an elliptic surface with generic fiber Fη and let ρη : G×Fη →
Fη be an action of a connected group scheme G such that ρη is a morphism of C-schemes. Then,
the following hold:
(i) The action ρη extends to X if and only if it extends over every p ∈ C .
(ii) If p ∈ C is a point such that the fiber Fp of f over p is simple, then ρη extends over p if and
only if the corresponding action ρ′η on the generic fiber Jη of the Jacobian J(f) of f extends
over p.
PROOF. The action ρη gives rise to a rational map C 99K HomC(G × Fη, Fη). Since the latter
scheme is separated and C is a smooth curve, this rational map extends to a morphism if and only
if it extends over every closed point of C . This shows Claim (i).
Next, let p ∈ C be a point such that Fp is simple and let A := SpecOC,p. Since the smooth locus
of Xp → A is a torsor under its Jacobian and ρη is induced by restricting the action of Jη on Fη to
G, there is an e´tale cover B → A, which we may assume to be Galois with covering group H , and
a G-equivariant isomorphism of B-schemes
ϕ : J(X)p ×A B ∼= Xp ×A B.
Both sides of the isomorphism are equipped with the natural action of H on the second factor and
the G-action on J(X)p ×A B (resp. Xp ×A B) descends to J(X)p (resp. Xp) if and only if it
is normalized by this action of H . Thus, we obtain two actions of H on both sides of the above
isomorphism and one can check that these two actions differ by translation by a B-valued section
of J(X)p ×A B (see [RSˇ76, p.1233]). By construction, ρη and ρ′η commute with translations, so if
one of them, say ρη, extends over p, then the induced G-action on Xp ×A B is normalized by both
H-actions, hence this G-action also descends to J(X)p. The induced action agrees with ρ
′
η on Jη,
hence it extends ρ′η over p. By the same argument, ρη extends over p if ρ
′
η does. This proves Claim
(ii). 
Hence, if f : X → C admits no multiple fibers, then G-actions on X which are trivial on C
correspond naturally to G-actions on J(X) which are trivial on C , that is, we have the following
corollary.
Corollary 3.15. Let f : X → C be an elliptic surface without multiple fibers. Then, ker(f∗)0 ∼=
ker(J(f)∗)
0.
The situation becomes more complicated if f admits multiple fibers. Nevertheless, it turns out
that an elliptic fibration f with non-trivial ker(f∗)
0 must satisfy severe geometric constraints.
Theorem 3.16. Let f : X → C be an elliptic surface with ker(f∗)0 non-trivial. Then, the following
hold:
(i) Every separable multisection Σ of f satisfies Σ2 ≥ 0.
(ii) Either χ(X,OX ) = 0 or f admits a multiple fiber.
(iii) One of the following two cases holds:
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(1) αrp ⊆ ker(f∗) for some r ≥ 1, every separable multisection Σ of f satisfies the inequality
h0(Σ, NΣ/X) ≥ r and f is isotrivial with supersingular generic fiber, or
(2) µpn ⊆ ker(f∗) for some n ≥ 1 and all additive or supersingular fibers of f are multiple
fibers with multiplicity divisible by pn.
PROOF. Let Σ ⊆ X be an irreducible curve such that f |Σ : Σ → C is finite and separable.
Then, the curve Σ intersects a general fiber of f transversally, say in n points. Since ker(f∗)
0 acts
without fixed point on a general fiber of f by Lemma 2.33 (ii), this implies that Σ is not preserved
by ker(f∗)
0. Thus, by Corollary 2.18, we have Σ2 ≥ 0. This is Claim (i).
To prove Claim (ii), we need to show that if f admits no multiple fibers, then χ(X,OX ) = 0. By
Corollary 3.15 and since χ(X,OX ) = χ(J(X),OJ(X)), we may assume that f admits a section Σ.
Applying adjunction and the canonical bundle formula, we obtain
2g(Σ)− 2 = 2g(C)− 2 + χ(X,OX ) + Σ2.
Since χ(X,OX ) is always non-negative and Σ2 is non-negative by Claim (i), we deduce from
g(Σ) = g(C) that χ(X,OX ) = Σ2 = 0, as claimed.
For the proof of Claim (iii), let us first assume that (αp)
r ⊆ ker(f∗) for some r ≥ 1. If
h0(Σ, NΣ/X) ≤ r − 1, then Aut0(Σ,X) ∩ ker(f∗) is non-trivial, which is impossible by the same
argument as in the first paragraph, since Σ intersects a general fiber of f transversally. By Lemma
3.5, the existence of αp ⊆ ker(f∗) implies that the generic fiber of the Jacobian of f is supersingu-
lar. Since a supersingular elliptic curve can be defined over a finite field, this implies that J(f) is
isotrivial and therefore the same holds for f .
If αp 6⊆ ker(f∗), then µpn ⊆ ker(f∗) for some n ≥ 1 by Lemma 3.5. Let mF be an additive or
supersingular fiber of f , where m is the multiplicity of F and let P = f(F ). To finish the proof,
we have to show that pn | m.
First, assume that µpn preserves F . Since F is additive or smooth, there is a reduced component
F1 of F which meets at most one other component of F . Then, Lemma 2.32 shows that µpn has a
fixed point Q on F1 that does not lie on any other component of F . By Section 2.2, we can linearize
the µpn-action in a formal neighborhood of Q, i.e. there is a µpn-equivariant isomorphism
ÔX,Q ∼= k[[x, y]]
such that µpn acts via x 7→ λx, y 7→ λay for some 0 ≤ a ≤ pn − 1. Since F1 is preserved by the
µpn-action and the fixed locus of the µpn-action is contained in fibers of f , we can assume without
loss of generality that F1 is defined by x = 0. Let t be a parameter on C at P . The morphism
ϕ# : ÔC,P ∼= k[[t]]→ k[[x, y]] is then given by ϕ#(t) = uxm, where u ∈ k[[x, y]] is a unit andm
is the multiplicity of F1. Now, since the µpn-action onC is trivial, we must have ux
m ∈ k[[x, y]]µpn .
In particular, the leading monomial of uxm, which is of the form cxm for some c ∈ k×, has to be
µpn-invariant. Thus, p
n | m.
If µpn does not preserve F , then F is smooth by Lemma 2.30 and Corollary 2.34. The induced
µp-action does not preserve F either, because otherwise it would fix F pointwise by Lemma 2.33
and then µpn would preserve F by Lemma 2.11. Hence, the quotient X/µpn is smooth in a neigh-
borhood of the image F ′ of F and the inverse image of F ′ under the quotient map X → X/µpn is
pnF . Therefore, the multiplicity m ofmF is divisible by pn. 
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In the simpler case where f : X → C admits no multiple fibers, Theorem 3.16 specializes to the
following corollary.
Corollary 3.17. Let f : X → C be an elliptic surface without multiple fibers and with ker(f∗)0
non-trivial. Then, χ(X,OX ) = 0 and ker(f∗)0 ∈ {µpn ,Mn, E}, where n ≥ 0 and E is an elliptic
curve.
PROOF. Since ker(f∗)
0 ∼= ker(J(f)∗)0 by Corollary 3.15, we may assume that f admits a section
Σ. As in the proof of Theorem 3.16, we have Σ2 = χ(X,OX ) = 0. In particular, Σ satisfies
h0(Σ, NΣ/X) = 1 and therefore ker(f∗)[F ] ∈ {µp, αp} by Theorem 3.16. Then, the result follows
from Lemma 3.5. 
4. HORIZONTAL AUTOMORPHISMS
Recall that the group scheme of horizontal automorphisms of an elliptic surface is defined as
follows.
Definition 4.1. Let f : X → C be an elliptic surface. The group scheme of horizontal automor-
phisms of X is defined as im(f∗), where f∗ : Aut
0
X → Aut0C is the natural map.
If f : X → C is an elliptic surface such that im(f∗) is non-trivial, then certainly Aut0C is non-
trivial and therefore H0(C, TC) 6= 0. In particular, either C = P1 or g(C) = 1 Let us first treat the
simpler case where the base curve C satisfies g(C) = 1.
Proposition 4.2. Let f : X → C be an elliptic surface with g(C) = 1. Assume that im(f∗) is
non-trivial. Then, the following hold:
(i) All fibers of f are movable and f is isotrivial.
(ii) We have χ(X,OX) = 0, unless possibly if p ∈ {2, 3}, f admits a multiple fiber and both the
generic fiber of f and C are supersingular.
(iii) If additionally h0(X,TX ) ≥ 2, then one of the following holds:
(1) X is an Abelian surface and h0(X,TX ) = 2.
(2) X is a bielliptic surface with ωX = OX and h0(X,TX ) = 2.
(3) The generic fiber of f is supersingular and f admits a multiple fiber.
PROOF. First, note that if Z ⊆ X is any closed subscheme contained in a fiber of f , then
Aut0(Z,X) ⊆ ker(f∗). Indeed, the action of Aut0(Z,X) on C preserves the reduced point f(Z) by
Lemma 2.5 and is therefore trivial by Lemma 2.33 (ii). Hence, all fibers of f are movable and thus,
by Lemma 2.30, the fibration f is isotrivial because all fibers of f are either of type II or smooth
and therefore the j-map has no poles. This proves Claim (i).
For Claim (ii), note that, by Ogg’s formula, we have χ(X,OX ) = 0 if and only if f admits no
fiber of type II. Assume that f admits a fiber F of type II. Then, p ∈ {2, 3} and the j-map of f is
identically 0 so that the generic fiber of f is supersingular and Aut0(F,X) ⊆ ker(f∗) is non-trivial by
Remark 2.19. In particular, f admits a multiple fiber by Theorem 3.16 (ii). Now, if C is ordinary,
then µp ⊆ im(f∗) and since the induced extension of µp by ker(f∗) splits by Lemma 2.23 (ii) (3),
there is a µp-action on X. But then we can use Remark 2.19 again to deduce that µp ⊆ ker(f∗),
which is impossible since the generic fiber of f is supersingular. Thus, C has to be supersingular,
too.
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For Claim (iii), assume that h0(X,TX ) ≥ 2. Let D ∈ H0(X,TX ) be a p-closed vector field.
Then, we have the following short exact sequence obtained by saturating the inclusion OX → TX
induced by D, where Z (resp. W ) is the divisorial (resp. codimension 2) part of the zero locus of
D:
0→ OX(Z)→ TX → IW (−Z −KX)→ 0.
Note that KX is effective by the canonical bundle formula and Z is effective by definition. Now,
we get two cases according to whether −Z −KX is effective or not.
If −Z − KX is not effective, then h0(X,TX ) = h0(X,OX (Z)) ≥ 2. Therefore, the zero
locus of every p-closed vector field contains a divisor linearly equivalent to Z , hence all these
vector fields induce the trivial vector field on C . In particular, the tangent space of ker(f∗) is at
least 2-dimensional. By Lemma 3.5 and Corollary 3.17, this implies that the generic fiber of f is
supersingular and f admits a multiple fiber, that is, X is as in Case (3).
If −Z −KX is effective, then both Z and KX are trivial. Since h0(X,TX ) ≥ 2, we must have
h0(X, IW ) ≥ 1 and hence W is trivial. Thus, h0(X,TX ) = 2 and X is Abelian or bielliptic with
ωX ∼= OX by the classification of surfaces. In particular, X is as in Case (1) or (2). 
Now that we understand the case where the base curve C has genus 1, it remains to treat the case
where C = P1. If C is rational, then b1(X) ∈ {0, 2} by [UK85, Lemma 3.4]. In the second case
we can argue in a similar fashion as in Proposition 4.2 because of the following lemma.
Lemma 4.3. Let f : X → P1 be an elliptic surface with b1(X) = 2. Then, the following hold:
(i) χ(X,OX ) = 0.
(ii) There is an isomorphism J(X) ∼= P1 ×E, where E is a general fiber of f .
(iii) The Albanese map aX : X → Alb(X) is a fibration over an elliptic curve and all fibers of aX
are irreducible and reduced.
(iv) There is an action of E on X that induces a transitive action on Alb(X).
PROOF. By Ogg’s formula, to prove that c2(X) = χ(X,OX ) = 0, it suffices to show that f
admits no singular fibers. But this follows immediately from the criterion in[UK85, Lemma 3.4],
since singular fibers consist of rational curves and are thus contracted by the Albanese morphism of
X. This proves Claim (i).
Next, we prove Claim (ii) and show that E acts on X. Since c2(X) = 0, the fibration f is
isotrivial and J(f) is a smooth elliptic fibration over P1 by Ogg’s formula. As there are no non-
trivial finite e´tale covers of P1, this implies that J(X) ∼= P1 × E for a general fiber E of f . Hence,
there is a finite Galois cover C → P1 with group G such that the normalization of X ×P1 C is
isomorphic to E × C . Moreover, the quotient of E × C by the induced action of G maps via a
finite and birational map to X and hence coincides with X. Since X is smooth, the group G acts
via translations on the first factor of E × C , for otherwise it would have an isolated fixed point and
then X would be singular. In particular, the translation action of E on the first factor of E × C
commutes with the G-action and thus descends to X.
To finish the proof, note that, by Igusa’s formula, we have rk(Pic(X)) ≤ b2(X) = c2(X) +
2b2(X) − 2 = 2, so that all fibers of f and aX have to be irreducible. Since b1(X) = 2, the
Albanese variety Alb(X) is an elliptic curve. Moreover, a general fiber E of f maps surjectively
onto Alb(X), so that the target of the Stein factorization of aX is an elliptic curve, which then has
to coincide with Alb(X) by the universal property of aX . This also shows that the action of E on
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Alb(X) is transitive and, because a general fiber of aX is reduced, this implies that in fact all fibers
of aX are reduced. 
Proposition 4.4. Let f : X → P1 be an elliptic surface with b1(X) = 2. If im(f∗) is non-trivial,
then the following hold:
(i) At most two fibers of f are non-movable and χ(X,OX ) = 0.
(ii) If additionally h0(X,TX ) ≥ 2, then one of the following holds:
(1) X is ruled over an elliptic curve.
(2) X is bielliptic, ωX ∼= OX and h0(X,TX ) = 2.
(3) The generic fiber of f is supersingular, f admits a multiple fiber, and all fibers of aX are
rational curves.
PROOF. The argument for Claim (i) is the same as in the proof of Proposition 4.2 (i), with the only
difference that a subgroup scheme of AutP1 can have up to two fixed points by Lemma 2.33 (i).
Note that by Lemma 4.3 the equality χ(X,OX ) = 0 holds even if im(f∗) is trivial.
Before we start proving Claim (ii), observe that if f does not admit a multiple fiber, then X is
ruled by the canonical bundle formula and the base curve of the ruling must be an elliptic curve,
since X admits an elliptic fibration. Hence, we are in Case (1) if f admits a section.
Now, let us prove Claim (ii). Assume that h0(X,TX) ≥ 2. Then, ker((aX )∗) is non-trivial.
Therefore, if a general fiber C of aX is smooth, then C is either P
1 or an elliptic curve. Thus, in the
first case, the Albanese map aX yields a ruling of X over Alb(X). In the latter case, the Albanese
map aX is an elliptic fibration over an elliptic curve and aX has no multiple fibers by Lemma 4.3.
Then, Corollary 3.17 shows that the tangent space of ker((aX)∗) is 1-dimensional, hence im((aX)∗)
is non-trivial. Thus, we can apply Proposition 4.2 (iii). It shows that X is bielliptic with ωX ∼= OX ,
since an Abelian surface does not admit an elliptic fibration over P1 and aX admits no multiple
fibers by Lemma 4.3 (iii).
So, we may assume that the general fiber C of aX is singular. Let E be a general fiber of f .
The map E → Alb(X) factors through an e´tale morphism A → Alb(X). Pulling back X along
this map, we obtain a smooth surface X ′ with a fibration g′ : X ′ → A and an elliptic fibration
f ′ : X ′ → D obtained as the Stein factorization of X ′ → P1. Now, both the action of ker((aX)∗)
on X and the action of E on X constructed in Lemma 4.3 lift to X ′ and these two actions generate
Aut0X . Therefore, we have h
0(X ′, T ′X) ≥ 2 and im(f ′∗) is non-trivial. Thus, D is either an elliptic
curve or P1. If D is an elliptic curve, then Alb(X ′) is a surface by [UK85, Lemma 3.4] and
the morphism g′ : X ′ → A factors through Alb(X ′). This is impossible, since the fibers of g′
are singular whereas the fibers of Alb(X ′) are (unions of) elliptic curves. Hence, we must have
D ∼= P1 and we may replace X by X ′ to assume that a general fiber of f maps purely inseparably
to Alb(X ′) and in particular all multiple fibers of f have multiplicity pn for some n ≥ 1. The
remainder of the proof splits into two cases according to whether the generic fiber of f is ordinary
or supersingular.
If the generic fiber of f is ordinary then so is Alb(X). Let miFi be a multiple fiber of f .
Since the map Fi → X → Alb(X) is purely inseparable, the dual map Pic0Alb(X) → Pic0X →
Pic0Fi is e´tale. In particular, the map H
1(Alb(X),OAlb(X)) → H1(X,OX) → H1(Fi,OFi) is
an isomorphism. By [UK85, Section 6], one can use cocycles ρ ∈ H1(X,OX ) that are fixed by
Frobenius and map to a non-trivial element inH1(Fi,OFi) to construct an e´tale cover X˜ ofX with
an elliptic fibration f˜ : X˜ → D without multiple fibers. Choosing the cocycles ρ in the image of
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H1(Alb(X),OAlb(X)) → H1(X,OX ), we can assume that X˜ arises as pullback of aX along an
e´tale isogeny A→ Alb(X). Then, as in the previous paragraph, the group scheme Aut0X acts on X˜
and im(f˜∗) is non-trivial and the image D of the Stein factorization of X˜ → P1 satisfies D ∼= P1.
Since f˜ admits no multiple fibers and P1 admits no e´tale covers, the equality c2(X˜) = c2(X) = 0
implies X˜ ∼= P1 ×A, contradicting our assumption that the fibers of aX are singular.
Hence, the generic fiber of f is supersingular. Then, it is shown in [Kaw06, Proposition 3.1] that
there is a purely inseparable cover π˜ : X˜ → X such that the Stein factorization of f ◦ π˜ is an elliptic
fibration f˜ : X˜ → D without multiple fibers. Since π˜ is purely inseparable, so is D → P1. Hence,
D ∼= P1 and f˜ admits a section Σ. The image π˜(Σ) is a rational curve and is therefore contracted
by aX . The fibers of aX are integral, so that π˜(Σ) coincides with a fiber of aX . Hence, all fibers of
aX are rational curves. 
Thus, the last remaining case are elliptic surfaces f : X → P1 with b1(X) = 0. We will use the
following lemma, which is well-known in characteristic 0.
Lemma 4.5. Let f : X → P1 be an elliptic surface with b1(X) = 0 and at most two singular fibers
F1, F2 with Swan conductors δF1 = δF2 = 0. Then, χ(X,OX) = 1 and the possible types of F1
and F2 are as follows:
(i) (II, II∗) and p 6∈ {2, 3}.
(ii) (III, III∗) and p 6= 2.
(iii) (IV, IV∗) and p 6= 3.
(iv) (I∗0, I
∗
0) and p 6= 2.
PROOF. Since f and J(f) have the same types of singular fibers and χ(X,OX ) = χ(J(X),OJ(X)),
we may assume that f admits a section. Let F1, F2 be the singular fibers of f .
Let T = U ⊕ T1 ⊕ T2, where U is the unimodular lattice generated by a section of f and the
class of a fiber of f , and Ti is the lattice generated by the components of Fi disjoint from the zero
section of J(f). Then, Igusa’s inequality yields
rk(T ) = 2 + rk(T1) + rk(T2) ≤ rk(Num(X)) ≤ b2(X) = c2(X)− 2.
On the other hand, by Ogg’s formula and our assumption that the Swan conductor of every fiber is
trivial, we have
c2(X)− 2 = e(F1) + e(F2)− 2 ≤ 2 + rk(T1) + rk(T2)
with equality if and only if F1 and F2 are additive. Thus, both F1 and F2 are additive fibers and
T ⊆ Num(X) is of finite index. Moreover, T1 and T2 are either trivial or root lattices of type
A1, A2,Dn, E6, E7 or E8. Their discriminants are 2, 3, 4, 3, 2 and 1, respectively.
Since rk(Num(X)) = b2(X), we can use ℓ-adic Poincare´ duality for all ℓ 6= p to deduce that
the discriminant disc(Num(X)) is a power of p. Moreover, since T ⊆ Num(X) is of finite index,
the discriminants of these two lattices differ by a square. Taking into account rk(T ) = b2(X) =
c2(X) − 2 = 10 + 12k for some k ≥ 0, we thus have the following cases, where in each case we
have disc(Num(X)) = 1:
(i) T1 = 0, T2 = E8 and p 6= 2, 3,
(ii) T1 = A1, T2 = E7 and p 6= 2,
(iii) T1 = A2, T2 = E6 and p 6= 3,
(iv) T1 = Dm, T2 = Dn for somem,n and p 6= 2,
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(v) T1 = Dm, T2 ∈ {E8, 0} for somem and p 6= 2.
Now, if p 6= 2, we can apply a quadratic twist to f that only changes the fibers F1 and F2. Then,
either all fibers of the twisted fibration are smooth or the fibration satisfies the assumptions of the
lemma and then its singular fibers have to appear in the above list. Hence, Lemma 7.1 (i) shows that
m = n = 4 in Case (iv) and that Case (v) does not exist. 
Remark 4.6. The Jacobian J(X) of each of these four types of surfaces in the above Lemma 4.5
is a rational surface that can be defined over Z[j(Fη)], where Fη is the generic fiber of f . The
reductions of these fibrations modulo the excluded characteristics in the respective cases in Lemma
4.5 become quasi-elliptic (see e.g. [JLR12]). It is straightforward, e.g. from the equations given in
[JLR12], to check that J(X) is the minimal resolution of (P1 × E)/(Z/nZ) with n ∈ {2, 3, 4, 6}
and Z/nZ acting diagonally with a fixed point on E.
If we allow the Swan conductors δFi to be non-trivial in Lemma 4.5, there are many examples of
elliptic surfaces with only one or two singular fibers. In the following lemma, we will treat a very
special case that will appear in Theorem 4.8.
Lemma 4.7. Let f : X → P1 be an elliptic surface with at most two singular fibers F1, F2. Assume
that δF2 = 0, and either p = 3 and F1 is of type II with δF1 = 1 or p = 2 and F1 is of type II or III
with δF1 = 2 or δF1 = 1, respectively. Then, the following hold:
(i) If p = 3, the possible types of F1 and F2 are (II, III
∗), (II, I32k), (II, I
∗
32k−1
). In particular,
c2(X) = 3
2k + 3 or c2(X) = 3
2k−1 + 9 for some k ≥ 1.
(ii) If p = 2, the possible types of F1 and F2 are (II, IV
∗), (III, IV∗), (II, I22k+1), (III, I22k+1). In
particular, c2(X) = 2
2k+1 + 4 for some k ≥ 1.
PROOF. As in the proof of Lemma 4.5, we may assume that f admits a section. We will split the
proof in two cases according to whether f is isotrivial or not.
Assume first that f is isotrivial. Then, since the j-map of f has a zero at f(F1), the generic
fiber of f is supersingular with j-invariant 0. If p = 3, then vf(F1)(∆f ) = 3 by assumption so that
vf(F2)(∆f ) ≡ 9 mod 12 by Ogg’s formula. Moreover, we have δF2 = 0 and the j-map has no pole
at f(F2), so that F2 is additive with 8 components. This implies that F2 is of type III
∗. If p = 2,
then vf(F1)(∆f ) = 4 and thus, by the same argument as before, F2 is additive with 7 components.
Since δF2 = 0, this implies that F2 is of type IV
∗.
Next, assume that f is not isotrivial. Then, the j-map of f has a pole. If p = 3, this implies that
F2 is of type I
∗
n or In. Then, by Lemma 7.1, we can replace f by a quadratic twist and assume that
F2 is of type In and F1 is of type II or II
∗ with δF1 = 1. If p = 2, the assumption δF2 = 0 forces
F2 to be of type In. Moreover, by Lemma 7.1, we can replace f by a quadratic twist to assume that
F1 is of type III with δF1 = 1.
Now, we let T = U ⊕ T1 ⊕ T2, where Ti is spanned by non-identity components of Fi, and U
is generated by the class of a fiber and a section of f . Note that T1 is unimodular by the previous
paragraph. Since F2 is multiplicative and F1 satisfies δF1 = 1, we obtain rk(T ) = b2(X) from
Ogg’s formula. Hence, T has finite index in Num(X). As in the proof of Lemma 4.5, ℓ-adic
Poincare´ duality shows that disc(Num(X)) is a power of p. By [SS10, Section 11.10] this implies
that n = pim2, where i is some integer and m is the order of the group of torsion sections of f
of order prime to p. Since, on the one hand, a torsion section of order prime to p is disjoint from
the zero section [OS91, Proposition 3.5 (iv)] and, on the other hand, f admits the fiber F1 whose
INFINITESIMAL AUTOMORPHISMS OF ALGEBRAIC VARIETIES AND VECTOR FIELDS ON ELLIPTIC SURFACES 29
underlying group is Ga, we have m = 1. Thus, we have vf(F1)(∆f ) + p
i ≡ 0 mod 12 by Ogg’s
formula.
If p = 3 and F1 is of type II, this implies that i = 2k for some k ≥ 1, and if F1 is of type II∗,
this implies that i = 2k − 1 for some k ≥ 1. Undoing the quadratic twist we applied in the second
paragraph of the proof, we obtain the stated types of singular fibers.
If p = 2, then this implies i = 2k + 1 for some k ≥ 1. Again, undoing the quadratic twist, we
obtain the stated types of singular fibers. 
After having prepared the necessary technical lemmas, we are now ready to prove the main result
of this section on elliptic surfaces f : X → P1 with b1(X) = 0.
Theorem 4.8. Let f : X → P1 be an elliptic surface with b1(X) = 0. Assume that im(f∗) is
non-trivial. Then, f has at most two non-movable fibers and one of following holds:
(i) f is isotrivial with precisely two singular fibers of the types given in Lemma 4.5. Moreover,
Aut0X ⊆ Gm.
(ii) p ∈ {2, 3} and f admits precisely two singular fibers F1, F2 of the types given in Lemma 4.7.
Moreover, Aut0X
∼= im(f∗) ∼= µp and there are no multiple fibers except possibly F1 and F2.
(iii) p = 2, the generic fiber of f is ordinary, f admits a fiber F of type I∗8k+4 with δF = 4k + 8
for some k ≥ 0 and all other fibers of f are smooth and non-multiple. Moreover, we have
Aut0X
∼= im(f∗) ⊆ Ga.
(iv) p ∈ {2, 3} and f is isotrivial with supersingular generic fiber and at most one non-movable
fiber. Moreover, the group scheme Aut0X does not contain µp.
PROOF. Since b1(X) = 0, we have c2(X) > 0 and thus f admits at least one singular fiberm1F1,
say over∞ ∈ P1, wherem1 is the multiplicity of the fiber. On the other hand, by the same argument
as in Proposition 4.4, f admits at most two non-movable fibers. To prove the remaining claims, we
will make use of fact that we understand the fixed loci of µp-actions on X by Theorem 2.25. To do
this, we will split the proof into three cases according to whether µp ⊆ ker(f∗), µp ⊆ im(f∗) or
Aut0X does not contain any µp at all.
Case µp ⊆ ker(f∗):
Assume that µp ⊆ ker(f∗). Then, by Lemma 3.5, we have µp = ker(f∗)[F ] and in particular
µp is preserved by every automorphism of ker(f∗). Since ker(f∗) is normal in Aut
0
X , this implies
that µp is normal in Aut
0
X . Therefore, Lemma 2.11 implies that the action of Aut
0
X onX preserves
Xµp . Since im(f∗) is non-trivial by assumption, we can apply Lemma 2.33 to deduce that there is
a fiber m2F2 of f , say over 0 ∈ P1, such that Xµp ⊆ F1 ∪ F2, for otherwise the action of Aut0X
on P1 would have more than two fixed points, which is impossible. By Remark 2.19 and Lemma
2.33, the µp-action onX preserves every singular fiber of f and has at least one fixed point on each
such fiber. In particular, m1F1 andm2F2 are the only possibly singular fibers of f . The fixed point
formula given in Theorem 2.25 then yields
(∗) c2(X) = e(Fµp1 ) + e(Fµp2 )
Assume that p 6∈ {2, 3}. Then, Lemma 4.5 implies that both F1 and F2 are singular of the types
given in Lemma 4.5.
If p ∈ {2, 3}, we can compare Equation (∗) with Ogg’s formula to obtain
e(F
µp
1 ) + e(F
µp
2 ) = c2(X) = e(F1) + e(F2) + δF1 + δF2 .
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By Corollary 2.34, we know that e(F
µp
i ) = e(Fi) holds unless Fi is of type II, or Fi is of type III
and p = 2. If neither F1 nor F2 are of these types, then δF1 = δF2 = 0 and we conclude as in
the case p 6∈ {2, 3}. Note also that if Fi is of type II or III, then e(Fµpi ) ≤ 4 by Lemma 2.33 and
Corollary 2.34, so that c2(X) = 12χ(X,OX ) ≥ 12 implies that not both F1 and F2 are of these
exceptional types. Hence, we may assume that e(F2) = e(F
µp
2 ).
Assume that p = 3 and F1 is of type II. Then, we have e(F
µ3
1 ) = 3 = e(F1) + 1 by Corollary
2.34, and hence Equation (∗) shows that δF1 + δF2 = 1. Since δF1 ≥ 1, this implies δF2 = 0 and
thus we can apply Lemma 4.7 to determine the types of F1 and F2.
If p = 2 and F1 is of type III, then e(F
µ2
1 ) = 4 = e(F1) + 1 and Equation (∗) shows that
δF1 + δF2 = 1. The rest of the argument is as in the case p = 3. Similarly, if F1 is of type II, then
δF1 ≥ 2, so that again δF2 = 0 and Lemma 4.7 applies.
We have shown that the singular fibers of f are as claimed in (i), (ii), or (iii) and it remains to
prove the assertions on the structure of Aut0X and the multiple fibers. For this, we will first show
that h0(X,TX) ≤ 1 holds. Denote the divisorial part of Xµp by Z and the isolated part by W .
Then, the saturation of the section of TX given by the µp-action yields an exact sequence
0→ OX(Z)→ TX → IW (−KX − Z)→ 0.
Since F1 and F2 are singular and Z is smooth, the Fi cannot be contained in Z . Hence, we have
h0(X,OX (Z)) ≤ 1 and the above sequence shows that h0(X,TX ) ≤ 1, unless possibly if −KX is
effective. If−KX is effective, then the canonical bundle formula shows that f admits no wild fibers
and at most one multiple fiber. In this case, if f admits no multiple fiber, then ker(f∗) is trivial by
Theorem 3.16 so that h0(X,TX) ≤ 1. If f admits a multiple fiber F , then h0(X,OX (−KX)) = 1
and −KX ∼ F . In this case, we also have h0(X,TX ) ≤ 1, unless Xµp ⊆ F . But Lemma 2.33
shows that µp has fixed points on both F1 and F2, so X
µp ⊆ F is impossible. Therefore, we have
h0(X,TX) ≤ 1 in all cases.
Now, since µp has fixed points on F1 and F2 and Aut
0
X acts on X
µp , we have im(f∗) ⊆
Aut00∪∞,P1
∼= Gm. By Theorem 3.16, we also have ker(f∗) ∼= µpn for some n ≥ 0. Thus, the group
scheme Aut0X [F
n], being an extension of finite commutative group schemes of type lr, is also com-
mutative of type lr by Lemma 2.23. Since h0(X,TX ) ≤ 1, Lemma 2.22 implies Aut0X [Fn] ∼= µpn
and therefore either Aut0X
∼= Gm or Aut0X ∼= µpn for some n ≥ 1. In the cases where p ∈ {2, 3}
and F1 is of type II or III, Lemma 2.33 and Corollary 2.34 imply that n = 1. But then Aut
0
X
acts trivially on the base, contradicting µp ⊆ ker(f∗). Putting everything together, we see that
µp ⊆ ker(f∗) implies that we are in Case (i).
Case µp 6⊆ ker(f∗) and µp ⊆ im(f∗):
If µp ⊆ im(f∗) and µp 6⊆ ker(f∗), then by Lemma 3.5 ker(f∗) is either trivial or finite and
commutative of type ll. Thus, the extension of µp by ker(f∗) splits by Lemma 2.23 and we get a
µp-action on X whose fixed locus is contained in two fibers, which are then necessarily the only
singular or multiple fibers of f . Then, the arguments where we compute the types of F1 and F2
and deduce h0(X,TX ) ≤ 1 are the same as in the previous case. But this shows that ker(f∗) has to
be trivial, for otherwise Aut0X would contain αp ⋊ µp and thus its tangent space would be too big.
Moreover, the fiber F2 is not movable by Lemma 2.30, soAut
0
X
∼= im(f∗) ⊆ Aut0(0,P1) ∼= Ga⋊Gm.
The only subgroup schemes of Ga ⋊ Gm which have 1-dimensional tangent space and contain µp
are µpn and Gm, so Aut
0
X has to be one of those two group schemes. Moreover, in the cases where
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p ∈ {2, 3} and F1 is of type II or III, Lemma 2.33 and Corollary 2.34 imply that Aut0X ∼= µp.
Thus, µp 6⊆ ker(f∗) and µp ⊆ im(f∗) imply that we are in Case (i) or (ii).
Case µp 6⊆ ker(f∗) and µp 6⊆ im(f∗):
Since µp 6⊆ im(f∗), Lemma 2.33 shows that the action ofAut0X on P1 has at most one fixed point
and thus f has at most one non-movable fiber. Hence, by Lemma 2.30 and Lemma 4.5, we have
p ∈ {2, 3}. If the generic fiber of f is supersingular, then we are in Case (iv), so we may assume
that the generic fiber of f is ordinary.
Assume that f has ordinary generic fiber. Since µp 6⊆ ker(f∗), we have ker(f∗) = {id}. The
j-map is not identically 0, so F1 is not of type II and in particular not movable by Lemma 2.30.
Hence, Aut0X acts on P
1 with a fixed point and thus Aut0X ⊆ Aut0(∞,P1) ∼= Ga ⋊ Gm. In fact, by
our assumption that µp 6⊆ im(f∗), we have Aut0X ⊆ Ga. In particular, there is an αp ⊆ Aut0X that
acts non-trivially on P1. By Lemma 2.30 singular fibers are preserved by αp, hence F1 is the only
singular fiber of f . Similarly, if f admits a multiple fibermF different from F1, thenmF is movable
so that pF ⊆ mF by Lemma 2.30. But then αp preserves pF by Lemma 2.20, contradicting the fact
that αp acts with only one fixed point on P
1. Therefore, all multiple or singular fibers of f are equal
to F1. By Lemma 7.1 (iii), this implies that f is isotrivial and F1 is of type I
∗
8k+4 with δF1 = 4k+8
for some k ≥ 0. Hence, we are in Case (iii). This finishes the proof. 
5. EXAMPLES
The purpose of this section is to give several examples illustrating the different phenomena dis-
cussed in the previous two sections.
5.1. Examples with many global vector fields. In this section, we show that all types of surfaces
X with h0(X,TX ) ≥ 2 listed in Theorem (A) actually occur. Moreover, we give a series of exam-
ples proving Theorem (A) (iii). Throughout, E denotes an elliptic curve.
Example 5.1 (Elliptic ruled surfaces). If X is ruled over E, let aX : X → E be the ruling and
assume that X admits an elliptic fibration f : X → P1. Being a ruled surface, X can be written as
X = P(E) for some normalized (in the sense of [Har77, Chapter V, Proposition 2.8]) locally free
sheaf E of rank 2 on E. Let e := − deg(E). Using the results of [Har77, Chapter V, Corollary 2.18],
it is straightforward to check that e ∈ {0,−1}. Therefore, either E is the unique indecomposable
vector bundle of rank 2 on E with e ∈ {0,−1} or E ∼= OE ⊕ L for a torsion line bundle L on E
of order n ≥ 0. Finally, it follows from [Ati57, Theorem 9] that if p = 0 and E is indecomposable
with e = 0, then X does not admit an elliptic fibration while [Mum69, Proposition, p.336] implies
that the corresponding ruled surface admits an elliptic fibration in positive characteristic.
Alternatively, these surfaces can be described as X = (E × P1)/G, where G ⊆ E is a finite
subgroup scheme acting faithfully on P1. With this description, it is clear that ifN is the normalizer
of G in AutE×P1 , then AutX = N/G. Since Aut
0
E×P1
∼= E × PGL2 and E is commutative, we
can calculate N0 as the product of the centralizers of G in E and PGL2, respectively. Putting all of
this together, the connected component of the automorphism scheme of an elliptic surface which is
also ruled over an elliptic curve E is as in the following table:
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E G Aut0X/E h0(X,TX )
OE ⊕OE {1} PGL2 4
OE ⊕ L µn Gm 2
indec., e = −1 E[2] {1} 1
indec., e = 0
{
Z/pZ if E is ordinary
αp if E is supersingular

Ga if p 6= 2
Ga ⋊ µ2 if p = 2 and E is ordinary
Ga × α2 if p = 2 and E is supersingular
{
2 if p 6= 2
3 if p = 2
The calculation of (Aut0X)red and h
0(X,TX ) for all ruled surfaces can be found in [Mar71]. There-
fore, the only thing in the above table that still needs to be checked is the case p = 2 and e = 0 and
we leave this case to the reader.
Example 5.2 (Abelian and bielliptic surfaces). If X is Abelian, then Aut0X
∼= X and in particular
h0(X,TX) = 2. If X is bielliptic, then, by [BM76], the canonical sheaf ωX can be trivial if and
only if p ∈ {2, 3}. In these cases, one can prove that Aut0X is not reduced. We refer the reader
to the upcoming article [Mar20] of the author, where the group scheme AutX is calculated for all
(quasi-)bielliptic surfaces in all characteristics.
Example 5.3 (Examples with supersingular generic fiber). This example will serve as the basic
example of isotrivial elliptic surfaces with supersingular generic fiber and many vector fields from
which we will derive a whole series of examples in Example 5.5. Consider the rational curve
C ⊆ P2 of degree p+ 1 given by the homogeneous equation
ypz = xp+1.
Then, pa(C) =
p(p−1)
2 and C has a single isolated singularity at P = [0 : 0 : 1]. Consider the
αp-action defined by
[x : y : z] 7→ [x : y + az : z] ap = 0
and note that P is not a fixed point of this action. More precisely, the reduced fixed locus of αp on
C consists of the single smooth point Q = [0 : 1 : 0].
Now, let E be a supersingular elliptic curve and let X := (E × C)/αp, where αp ⊆ E acts
on C via the action defined above. By the same argument as in the proof of [BM76, Proposition
7], the surface X is smooth, since αp does not fix P . Moreover, X comes with two fibrations
aX : X → E/αp and f : X → P1, where the latter is obtained by taking the normalization of
C/αp. By construction, the morphism f is an elliptic fibration with general fiber isomorphic to E
and f admits a unique multiple fiber of multiplicity p, namely the image of E ×Q on X.
Finally, note that there is an (αp)
2-action on C given by
[x : y : z] 7→ [x2 + bxy : xy + cx2 + bcxy : xz + byz] bp = cp = 0
and this action commutes with the αp-action used to construct X. Thus, we get an induced action
of E × (αp)2 onX. In particular, we have h0(X,TX ) ≥ 3.
Remark 5.4. Alternatively, and analogously to the construction of Raynaud’s counterexamples
to Kodaira vanishing on surfaces in positive characteristic [Ray70], one can describe the above
example as follows: Let E be a supersingular elliptic curve and let E be the indecomposable vector
bundle of rank 2 on E with e = 0. Since E is supersingular, the Frobenius map F is trivial on
H1(E,OE) ∼= Ext1(OX ,OX), so the pullback of E along F splits and this splitting yields an
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inseparable multisection of the ruling P(E) → E. Then, X can be defined as the degree (p + 1)
cover of P(E) branched over the inseparable multisection and a disjoint section.
Example 5.5 (Examples with unbounded vector fields). Here, we will use Example 5.3 to construct
the elliptic surfaces announced in Theorem (A) (iii). More precisely, for every field K of positive
characteristic, for every smooth projective curve C˜ over K and for every n ≥ 1, we will use
f : X → C to construct an elliptic surface f˜ : X˜ → C˜ with h0(X˜, T
X˜
) ≥ n.
Let E be a supersingular elliptic curve over Fp. Then, the surface X := (E×C)/αp constructed
in Example 5.3 is also defined over Fp. Moreover, the elliptic fibration f : X → P1 has exactly one
multiple fiber, corresponding to the unique fixed point of the αp-action on C .
Now, let n ≥ 1 be arbitrary, letK be some field extension of Fp and let C˜ be a smooth projective
curve over K . If K is finite, choose a finite separable morphism g′ : C˜ → P1 which is ramified
over only one point (this is possible by the ”wild Belyi Theorem” [AT18, Theorem 1]) and let g be
the composition of g′ with a tame finite map P1 → P1 of degree at least n. If K is infinite, let g be
any finite and separable map g : C˜ → P1. In both cases, we can modify g by an automorphism of
P1 such that the multiple fiber of f does not map to a branch point of g.
Now, let f˜ : X˜ → C˜ be the base change of f along g. The branch locus of X˜ → X consists
of a disjoint union of smooth fibers, so X˜ is smooth. We claim that h0(X˜, TX˜) ≥ n. By flat base
change, we may assume that K is algebraically closed. Since ker(f∗) preserves the fibers of f , it
acts naturally on the fiber product X˜ = X˜ ×P1 C˜ and we obtain an inclusion ker(f∗) ⊆ ker(f˜∗).
Next, consider the short exact sequence associated to anyD ∈ H0(X,TX), where Z is the divisorial
part andW is the isolated part of the zero locus of D
0→ OX(Z)→ TX → IW (−Z −KX)→ 0.
Since H0(X,TX) contains a 3-dimensional subspace generated by the additive vector fields corre-
sponding to the α3p-action constructed in the previous example, we must have h
0(X,OX (Z)) ≥ 2
and there is an αp-action ρ on X that fixes a simple fiber F of f such that f(F ) is not a branch
point of g. By construction, the preimage of F in X˜ consists of at least n disjoint simple fibers
F˜1, . . . , F˜n, all of which must be fixed pointwise by the αp-action ρ˜ on X˜ that induces the action
ρ. Then, we consider the short exact sequence induced by the action ρ˜, where Z˜ and W˜ are the
divisorial and isolated part of the fixed locus, respectively:
0→ O
X˜
(Z˜)→ T
X˜
→ I
W˜
(−Z˜ −K
X˜
)→ 0.
Since
⋃n
i=1 Fi ⊆ Z˜, we have n ≤ h0(X,OX (
∑n
i=1 Fi)) ≤ h0(X,TX) by a Clifford argument. In
particular, for every curve C over every fieldK of positive characteristic, the set of numbers
{h0(X,TX ) | X admits an elliptic fibration f : X → C}
is unbounded.
5.2. Non-isotrivial examples with vertical automorphisms andmovable multiple fibers. In this
section, we let k be an algebraically closed field of characteristic 2. We give examples of non-
isotrivial elliptic surfaces with vertical automorphisms and also show that 1-movable multiple fibers
exist over k, even for non-isotrivial elliptic surfaces. Recall that a supersingular Enriques surface
X over k is a smooth projective surface with ωX ∼= OX , b2(X) = 10 and PicτX ∼= α2. The
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associated α2-torsor induces a global 1-form on X and hence h
0(X,TX) = h
0(X,ΩX) = 1. The
next example proves Corollary 1.2.
Example 5.6 (The automorphism scheme of generic supersingular Enriques surfaces). Assume that
X is generic. Then, it is known that X contains no (−2)-curves (see e.g. [Mar19, Proposition 5.2])
and that X admits a multiplicative p-closed global vector field (see [EHS12, Theorem 8.16]). By
[CD89, Theorem 5.7.1.], there is an elliptic fibration f : X → P1, which, by [CD89, Theorem
5.7.2.], admits a unique multiple fiber 2F , which is either additive or supersingular. By Remark
2.24, the existence of a multiplicative vector field implies µ2 ⊆ Aut0X . Since X contains no (−2)-
curves, the fibration f admits no reducible fibers, so Theorem 4.8 shows that im(f∗) is trivial.
Hence, Lemma 3.5 implies that Aut0X
∼= ker(f∗) ∼= µ2n and finally Theorem 3.16 shows that
n = 1.
Example 5.7 (1-movable fibers exist on non-isotrivial surfaces). Again, let X be a generic super-
singular Enriques surface. In particular, we have Aut0X = µ2. By [CD89, Theorem 3.4.1.], the
surface X admits two elliptic fibrations f1, f2 : X → P1 with unique double fibers 2Fi satisfying
F1.F2 = 1. We claim that F1 is movable if it is smooth. In fact, one can show that this condition is
automatically satisfied for genericX, but for the sake of brevity we will not prove this here. Seeking
a contradiction, we assume that F1 is not 1-movable. Since F1 is smooth, it is supersingular, and
thus it is fixed pointwise by Aut0X = µ2. But then µ2 fixes a point on a general fiber of f2 and hence
it fixes a general fiber of f2 pointwise by Lemma 2.33. This is a contradiction and therefore F1 is
1-movable.
Remark 5.8. Taking base changes of Example 5.6 along suitable finite and separable covers C →
P1, one can construct non-isotrivial surfaces with non-trivial ker(f∗) over every curve C in char-
acteristic 2. We do not know how to construct similar examples if pn is bigger than 2. This has
essentially two reasons: First, the bounds given in Theorem (C) become very strong for pn ≫ 0 and
second, it seems to be a very hard problem to construct elliptic surfaces with multiple supersingular
and additive fibers whose multiplicity is a big power of p (see for example [Kaw06] where this
problem is studied in a very special case).
5.3. Examples with horizontal automorphisms. In this section, we give examples of elliptic sur-
faces f : X → P1 where im(f∗) is non-trivial. More precisely, we will realize all cases described in
Theorem 4.8 and the numbering of the examples will refer to the numbering in Theorem 4.8. Since
our examples admit a section, they will also show that all cases described in Theorem (D) occur.
We will use the following technical Lemma, which allows us to construct some αp- or µp-actions
on X by describing them on an affine Weierstrass equation.
Lemma 5.9. Let f : X → P1 be a Jacobian elliptic surface and letD be a rational p-closed vector
field on X. Assume that D is regular away from a fiber F of f and such that the induced rational
vector field on P1 is regular everywhere and has a zero at f(F ). Let W be the isolated part of the
zero locus of D, let Z be the divisorial part, and let S be a non-empty set of disjoint sections of f
to which D is tangent. Then, D is regular everywhere in each of the following cases:
(i) F is of type II and length(W |X−F )− (Z|X−F )2 > c2(X) − 4|S|.
(ii) p = 2, |S| ≥ 2, F is of type III, length(W |X−F )− (Z|X−F )2 > c2(X)− 6, and D2 = D.
PROOF. Let t = f#(s), where s is a parameter at f(F ). Let S = {Σ1, . . . ,Σn} be disjoint
sections of f such that D is tangent to Σi and let xi be a local equation for Σi in a neighborhood of
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Pi := F ∩ Σi. Then, in the completion ÔX,Pi ∼= k[[xi, t]], we can write D as
D = t−mi(tmi+l
∂
∂t
+ gi
∂
∂xi
),
where mi is the pole order of D along the component of F meeting Σi, l ≥ 1 is the zero order of
the induced vector field on P1 at f(F ) and gi ∈ k[[xi, t]] is a power series with t ∤ g and xi | g,
since D is tangent to Σi. In particular, W has multiplicity multPi(W ) = (mi + l) ·multPi(gi) at
Pi.
Since Z is contained in fibers of f , we can apply [KT89, Proposition 2.1] to the part W ′ of W
with support in F to obtain
(∗) c2(X) −
n∑
i=1
multPi(W ) ≥ c2(X)− length(W ′) = length(W |X−F )− Z2.
Assume first that F is of type II and D has a pole along F . Then, all the mi are equal and
m := m1 > 0. Moreover, t
mD is a regular p-closed vector field near F . We have (tmD)p(t) = 0,
hence tmD is additive and thus multPi(gi) ≥ 2. But then multPi(W ) = (m+ l) ·multPi(gi) ≥ 4.
Plugging into equation (∗), this proves Claim (i).
Next, assume that F is of type III. If D has poles along both components F1 and F2 of F , then
Claim (ii) follows by the same argument as in the previous paragraph. If D has a pole along F1
but not along F2, then we consider the contraction π : X → X ′ of F1. Then, D induces a µ2-
action onX ′ that preserves the image F ′ of F . Note that F ′ is a cuspidal rational curve. Moreover,
by Proposition 2.7, the µ2-action does not fix the cusp of F
′, for otherwise it would lift to X.
Hence, by Lemma 2.33, the µ2-action on F
′ has four isolated fixed points. In particular, we have
length(W ′) ≥ 4. On the other hand, the pole of D along F1 contributes at least (−2) to the right
hand side of Equation (∗). Hence,
length(W |X−F )−(Z|X−F )2 ≤ length(W |X−F )−Z2−2 ≤ c2(X)−length(W ′)−2 ≤ c2(X)−6
contradicting our assumption. This proves Claim (ii). 
Example 5.10 (Case (i)). Consider the following four affine Weierstrass equations, where u, v ∈ k
are parameters and t is a coordinate on C = P1:
y2 = x3 + t
y2 = x3 + tx
y2 = x3 + t2
y2 = x3 + ut2x+ vt3
The induced minimal proper regular models f : X → P1 are precisely the four types of surfaces
described in Lemma 4.5 (see [MP86]). Now, note that each of these Weierstrass models admits a
Gm-action given by t 7→ λat, x 7→ λ2x, y 7→ λ3y, where a = 6, 4, 3, and 2, respectively. Moreover,
since Gm is smooth and X is the minimal resolution of the corresponding Weierstrass model, we
obtain a Gm-action onX. Since ker(f∗) ∩Gm is finite in every case, we have Gm ⊆ im(f∗).
Remark 5.11. Note that for the first surface, the Gm-action on X induces the vector field D =
6t ∂∂t + 2x
∂
∂x
in a neighborhood of the fiber of type II at t = 0. This D is a counterexample to
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[RSˇ76, Lemma 4] for all p > 3. The problem with the proof of [RSˇ76, Lemma 4] is that not every
vector field on a Weierstrass model is of the form claimed there.
Example 5.12 (Case (ii) with p = 3). Let p = 3 and consider the following three affine Weierstrass
equations, where k ≥ 1 is an integer and t is a coordinate on C = P1:
y2 = x3 + tx+ t
y2 = x3 + x2 + t3
2k
y2 = x3 + tx2 + t3
2k−1+3
We claim that that the corresponding elliptic surface f : X → P1 has precisely two fibers of type
(II, III), (II, I32k), and (II, I
∗
32k−1
), respectively and that X admits a µ3-action which is non-trivial
on P1 in each of these cases.
The first Weierstrass model X ′ can be embedded in P(1, 1, 2, 3) as
y2 = x3 + ts3x+ ts5
and it follows immediately from Tate’s algorithm that f admits a fiber of type II over t = 0 and a
fiber of type III∗ over s = 0. Note that the surface admits a unique singularity at the point P given
by [s : t : x : y] = [0 : 1 : 0 : 0] and this singularity is a rational double point of type E7. There is a
µ3-action on the Weierstrass model given by
[s : t : x : y] 7→ [s : at : a2x+ (1− a)s2 : y] a3 = 1.
This action fixes P , so it lifts to the blow-up of X ′ at P by Proposition 2.7. By [Hir99, Theorem
4.1 (iii)], this already implies that the µ3-action lifts toX.
The second Weierstrass modelX ′ is an affine chart of the pullback along the (2k)-fold Frobenius
on P1 of the surface Y ′ ⊆ P(1, 1, 2, 3) given by
y2 = x3 + s2x2 + s5t.
By Tate’s algorithm, the minimal proper regular model g : Y → P1 of Y ′ has a fiber F ′ of type
II∗ with δF ′ = 1 over s = 0 and a fiber of type I1 over t = 0. Since the Swan conductor does
not change if we pull back along Frobenius and the vanishing order of ∆g gets multiplied by 3, the
elliptic surface f : X → P1 admits a fiber F over s = 0 with δF = 1 and vf(F )(∆f ) = 11 ·32k = 3
mod 12. This shows that F is of type II. Moreover, the fiber of f over t = 0 is of type I32k . The
affine Weierstrass equation for X admits a µ3-action given by
(t, x, y) 7→ (at, x, y) a3 = 1.
As in the previous case, this µ3-action preserves the singular point (0, 0, 0) of the affine Weierstrass
equation and lifts to the minimal resolution. Moreover, the µ3-action corresponds to the rational
vector field D = t ∂∂t on X which is regular away from F and tangent to the zero section of f . A
straightforward local computation shows that length(〈D〉|X−F )−((D)|X−F )2 = 32k = c2(X)−3,
hence D is regular on X by Lemma 5.9, giving the desired µ3-action onX.
The third Weierstrass model X ′ is an affine chart of the quadratic twist by t of the pullback along
the (2k − 1)-fold Frobenius on P1 of the surface Y ′ ⊆ P(1, 1, 2, 3) given by
y2 = x3 + s2x2 + s5t.
By a similar argument as in the previous case, the minimal proper regular model of the pulled back
surface admits a singular fiber of type II∗ and a fiber of type I32k−1 . Therefore, by Lemma 7.1 (i),
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the singular fibers of the minimal proper regular model f : X → P1 of X ′ are of the stated types.
There is a µ3-action on the affine chart X
′ given by
(t, x, y) 7→ (at, ax, y) a3 = 1.
The rest of the argument is similar to the previous case.
Remark 5.13. We remark that all three of the above surfaces are counterexamples to [RSˇ76, Lemma
4] in characteristic 3. Moreover, the second and third example are counterexamples to [RSˇ76, Theo-
rem 6]. The proof of this Theorem fails in Case (6), where [RSˇ76, Lemma 4] is applied. Moreover,
note that our equation for the fibration with fibers of type (II, I∗
32k−1
) differs from Equation (3)
given in [RSˇ78] and the corresponding equation given in [RS83, p.1503]. Using Tate’s algorithm,
one can check that, at least for general k, these two equations do not admit a fiber F of type II with
vf(F )(∆f ) = 3, hence they do not admit global vector fields.
Example 5.14 (Case (ii) with p = 2). Let p = 2 and consider the following four affine Weierstrass
equations, where k ≥ 1 is an integer and t is a coordinate on C = P1:
y2 + ty = x3 + t
y2 + ty = x3
y2 + xy = x3 + t2
2k
x
y2 + xy = x3 + t2
2k−1
x2 + t2
2k
x
We claim that that the corresponding elliptic surface f : X → P1 has precisely two fibers of
type (II, IV∗), (III, IV∗), (III, I22k+1), and (II, I22k+1), respectively, and that X admits a µ2-action
which is non-trivial on P1 in every case.
The first Weierstrass model X ′ can be embedded in P(1, 1, 2, 3) as
y2 + s2ty = x3 + s5t
and it follows from Tate’s algorithm that f admits a fiber of type II over t = 0 and a fiber of type
IV∗ over s = 0. There is a µ2-action on the Weierstrass model given by
[s : t : x : y] 7→ [as : t : x : y + (1 + a)s3] a2 = 1.
This action fixes the unique singular point P = [0 : 1 : 0 : 0] of X ′, hence it lifts to the blow-up of
X ′ at P by Lemma 2.7. Since P is of type E6, it follows from [Hir99, Theorem 5.1 (iii)] that the
action lifts to X.
Similarly, the second Weierstrass model X ′ can be embedded in P(1, 1, 2, 3) as
y2 + s2ty = x3.
This time, Tate’s algorithm shows that f admits a fiber of type III over t = 0 and a fiber of type IV∗
over s = 0. There is a µ2-action on the Weierstrass model given by
[s : t : x : y] 7→ [as : t : x : y] a2 = 1.
This action fixes the two singular points [0 : 1 : 0 : 0] and [1 : 0 : 0 : 0] and hence, as in the previous
case, it lifts to X.
The thirdWeierstrass modelX ′ is an affine chart of the pullback along the (2k−2)-fold Frobenius
on P1 of the surface Y ′ ⊆ P(1, 1, 2, 3) given by
y2 + sxy = x3 + t4x.
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By Tate’s algorithm, the minimal proper regular model g : Y → P1 of Y ′ has a fiber F ′ of type III
with δF ′ = 1 over s = 0 and a fiber of type I8 over t = 0. Similarly to the analogous case if p = 3,
it is easy to check that f : X → P1 admits a fiber F of type III with δF = 1 over s = 0 and a fiber
of type I22k+1 over t = 0. There is a µ2-action onX
′ given by
(t, x, y) 7→ (at, x, y) a2 = 1.
This action corresponds to the vector field D = t ∂∂t on X, which satisfies D
2 = D and is tangent
to the zero section Σ1 and to the 2-torsion section Σ2 given by x = y = 0. Using the height pairing
(see [SS10, p.110]), one can check that Σ2 is disjoint from Σ1. Since D fixes (0, 0, 0), it lifts to
the minimal resolution of this singularity. Moreover, a straightforward local computation shows that
length(〈D〉|X−F )−((D)|X−F )2 = 22k+1 = c2(X)−4, so thatD is regular on all ofX by Lemma
5.9. This yields the desired µ2-action on X.
The fourth Weierstrass modelX ′ is an affine chart of the pullback along the (2k−2)-fold Frobe-
nius on P1 of the surface Y ′ ⊆ P(1, 1, 2, 3) given by
y2 + sxy = x3 + t2x2 + t4x.
By Tate’s algorithm, the minimal proper regular model g : Y → P1 of Y ′ has a fiber F ′ of type II
with δF ′ = 2 over s = 0 and a fiber of type I8 over t = 0. Using Tate’s algorithm, one can check
that a fiber of type II with δF ′ = 2 remains of the same type when pulled back along an even power
of the Frobenius, hence f : X → P1 admits a fiber of type II with δF = 2 over s = 0 and a fiber of
type I22k+1 over t = 0. The µ2-action on X
′ given by
(t, x, y) 7→ (at, x, y) a2 = 1
extends to a µ2-action on X by the same argument as in the previous case.
Remark 5.15. We remark that the first and the fourth of the above surfaces are counterexamples to
[RSˇ76, Lemma 4] in characteristic 2 and the second and the third are counterexamples to [RSˇ76,
Lemma 3]. Moreover, if we choose k such that 22k+1+4 = 12 mod 24, we obtain counterexamples
to [RSˇ76, Theorem 6]. Again, the proof of the latter fails in Case (6), where the erroneous Lemmas
3 and 4 are applied. Moreover, we remark that the surfaces with fibers of type (III, I22k+1) are
missing from the classification in [RSˇ78].
Example 5.16 (Cases (iii) and (iv)). Consider the following affine Weierstrass equations, where t
is a coordinate on C = P1 and u ∈ k∗:
p = 3 : y2 = x3 + x+ t
p = 2 : y2 + y = x3 + t
y2 + uxy = x3 + tx2 + x
Each of these surfaces admits a Ga-action given by
(t, x, y) 7→ (t+ a3 + a, x− a, y)
(t, x, y) 7→ (t+ a2 + a, x, y + a)
(t, x, y) 7→ (t+ a2 + ua, x, y + ax) a ∈ k
which lifts to the respective minimal proper regular model f : X → P1. The first two surfaces
admit a unique singular fiber of type II∗ over t = ∞ and the generic fiber of f is supersingular.
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The third surface admits a unique singular fiber of type I∗4 over t = ∞ and the generic fiber of f is
ordinary with j-invariant u8.
6. PROOFS OF THE MAIN THEOREMS
In this section, we combine our study of horizontal and vertical automorphisms in order to prove
Theorem (A), (B), (C), and (D) of the introduction. Moreover, we recall how the non-existence of
global vector fields on K3 surfaces follows from Theorem (D).
PROOF OF THEOREM (A)
Let us prove Claim (i). Since f is not isotrivial, we have ker(f∗) ∼= µpn for some n ≥ 0 by
Lemma 3.5. Moreover, by Proposition 4.2, Proposition 4.4 and Theorem 4.8, the group of horizontal
automorphisms im(f∗) is trivial unless possibly in the cases described in Theorem 4.8 (ii). In these
latter cases, we have Aut0X
∼= im(f∗) ⊆ µp, so h0(X,TX ) ≤ 1 holds in every case.
As for Claim (ii), assume that the generic fiber of f is ordinary or that f admits no multiple
fibers, and that h0(X,TX ) ≥ 2. Then, by Lemma 3.5 and Corollary 3.17, we have ker(f∗)0 ∈
{µpn ,Mn, E} where n ≥ 0 and E is an elliptic curve, so im(f∗) has to be non-trivial. Now, Propo-
sition 4.2, Proposition 4.4 and Theorem 4.8 imply that X is either ruled over an elliptic curve, an
Abelian surface isogeneous to a product of elliptic curves, bielliptic with ωX ∼= OX , or an elliptic
surface f : X → P1 with a unique singular fiber, without multiple fibers, and with supersingu-
lar generic fiber. In the first case, we have described the automorphism scheme in Example 5.1.
In particular, we have seen that h0(X,TX ) ≤ 4 holds. In the second and third case, we have
h0(X,TX) = 2 by Proposition 4.2. In the fourth case, the group of vertical automorphism ker(f∗)
0
is trivial by Theorem 3.16 and the group of horizontal automorphisms im(f∗) fixes a point on P
1
and thus im(f∗) ⊆ Ga ⋊ Gm. In particular, we have im(f∗)[F ] ⊆ Ga ⋊Gm[F ] = αp ⋊ µp. Now,
Theorem 4.8 shows that im(f∗)[F ] = αp, hence h
0(X,TX ) ≤ 1, so this case does not occur.
Finally, Claim (iii) is Example 5.5. 
PROOF OF THEOREM (B)
Assume first that im(f∗) is non-trivial. Then, by Proposition 4.2, Proposition 4.4 and Theorem
4.8, we have Aut0X
∼= im(f∗) ∼= µp with p ∈ {2, 3}. If im(f∗) is trivial, then Aut0X ∼= ker(f∗) ∼=
µpn for some n ≥ 0 by Lemma 3.5. This proves Theorem (B). 
PROOF OF THEOREM (C)
The inequality is trivial if pn ∈ {2, 3}, so we may assume pn ≥ 4. Then, by Proposition
4.2, Proposition 4.4 and Theorem 4.8, we have Aut0X
∼= ker(f∗) ∼= µpn and then the inequality
is proved in Lemma 3.11. Next, note that by the results of Section 4, the conditions given in
Theorem (C) guarantee that Aut0X
∼= ker(f∗), so the statement about the multiplicities of additive
and supersingular fibers of f is exactly Theorem 3.16 (iii) (2). 
PROOF OF THEOREM (D)
Assume that c2(X) 6= 0. Since f admits no multiple fibers, Theorem 3.16 shows that ker(f∗)0
is trivial. Moreover, by Proposition 4.2 and Proposition 4.4, we have C = P1 and b1(X) = 0. In
particular, f admits a singular fiber and thus we have an inclusion Aut0X
∼= im(f∗) ⊆ Ga ⋊ Gm,
since Ga ⋊Gm is the stabilizer of a point on P
1. Thus, either αp ⊆ im(f∗) or µp ⊆ im(f∗).
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If αp ⊆ im(f∗), then the αp-action onX preserves every singular fiber of f by Remark 2.19 and
only one point on P1 by Lemma 2.33, hence f is isotrivial with a unique singular fiber. In particular,
by Theorem 4.8 (iv), we have p ∈ {2, 3}. Thus, we are in Case (v) of Theorem (D).
If µp ⊆ im(f∗), then Theorem 4.8 shows that either the singular fibers of f are as in Lemma 4.5
or p ∈ {2, 3} and the singular fibers of f are as in Lemma 4.7. In particular, if the fibers are not of
the types described in Theorem (D) (iii) and (iv), then f is isotrivial and X satisfies c2(X) = 12
by Ogg’s formula. Hence χ(X,OX) = 1 and therefore ωX ∼= OX(−F ), where F is the class of
a fiber of f . In particular, we have h1(X,OX) = h2(X,ω⊗2X ) = 0 and thus X is rational and f
admits a section. This is Case (ii) of Theorem (D). 
PROOF OF COROLLARY 1.1
Let X be a K3 surface and assume by contradiction that h0(X,TX ) 6= 0. By [RS83, p. 1502],
this implies that the surface X admits an elliptic fibration f : X → P1 with at least two singular
fibers. This contradicts Theorem (D), because no elliptic surface listed in Theorem (D) (i)-(iv)
satisfies the equality c2(X) = 24, which holds for the K3 surface X. Therefore, we must have
h0(X,TX) = 0. 
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7. APPENDIX: SOME QUADRATIC TWISTS
In this section, we give some background on quadratic twists, which we needed for example in
the proof of Lemma 4.5. Let f : X → C be a Jacobian elliptic surface. Then, a quadratic twist of
f is a Jacobian elliptic surface f ′ : X ′ → C that becomes isomorphic to f after passing to a degree
two cover of C . If the generic fiber of f is ordinary, then all its twists are quadratic. To make this
more explicit, let d ∈ k(C) be a rational function. Then, the quadratic twist fd : Xd → C of f by
d is defined as follows: If p 6= 2 and the generic fiber of f is given by
y2 = x3 + a2x
2 + a4x+ a6
with ai ∈ k, then fd is given by
y2 = x3 + da2x
2 + d2a4x+ d
3a6.
If p = 2 and the generic fiber of f is given by
y2 + a1xy + a3y = x
3 + a2x
2 + a4x+ a6
with ai ∈ k, then f ′ is given by
y2 + a1xy + a3y = x
3 + (a2 + da
2
1)x
2 + a4x+ a6 + da
2
3.
The fibers of f and fd are isomorphic except possibly over the set S of poles and zeroes of d (resp.
the set of poles if p = 2) and we say that fd is a quadratic twist of f at S. Quadratic twists by d1
and d2 are isomorphic if and only if d1/d2 is a square if p 6= 2 (resp. if and only if d1+ d2 = c2+ c
for some c ∈ k(C) if p = 2). In the following lemma, we summarize the facts about quadratic
twists that we used in this article.
Lemma 7.1. Let f : X → C be an elliptic surface and let d ∈ k(C). Let F be a fiber of f and Fd
the corresponding fiber of fd. Then, the following hold:
(i) If p 6= 2 and d has a zero or pole at f(F ), then the types of F and Fd are related as follows:
In ↔ I∗n, II↔ IV∗, III↔ III∗, IV↔ II∗.
(ii) If p = 2, C = P1 and F is of type II with δF = 2, then we can choose d ∈ k(t) with a single
simple pole such that Fd is of type III with δF = 1.
(iii) If p = 2 , C = P1 and f has ordinary generic fiber and a unique singular fiber F , then f is
isotrivial and F is of type I∗8k+4 with δF = 4k + 2 for some k ≥ 0.
PROOF. Claim (i) is well-known, see for example [SS10, Section 5.4.].
As for Claim (ii), choose a Weierstrass equation
y2 + a1xy + a3y = x
3 + a2x
2 + a4x+ a6
with coefficients ai ∈ k[t], where t is a parameter at f(F ). Then, F being of type II with δF = 2
means that we can choose the ai such that t | a1, a3, a4, a6 but t2 ∤ a3, a6. Let c3 resp. c6 be the
linear terms of a3 resp. a6. If we set d = c6/c
2
3, the quadratic twist
y2 + a1xy + a3y = x
3 + (a2 + da
2
1)x
2 + a4x+ a6 + da
2
3
still has coefficients in k[t] and we have t2 | a6+da23. Note that t3 ∤ b8 := (a21a6+a1a3a4+a2a23+
a24) and the quadratic twist does not change b8. Thus, Tate’s algorithm shows that Fd is of type III
with δFd = 1. Moreover, the twist parameter d has a simple pole at f(F ) and no other poles.
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Next, let us prove Claim (iii). First, we prove that f is isotrivial. For this, choose a parameter t
on P1 such that F is located at t = 0. By [Sil09, Appendix A], the assumption that the generic fiber
of f is ordinary allows us to find a Weierstrass equation of the form
y2 + xy = x3 +
a
b
x2 + a6
with a, b ∈ k[t] and a6 ∈ k(t). Write a/b =
∑∞
i=−n dit
i ∈ k((t)) and twist the above equation by
d =
∑−1
i=−n diti ∈ k(t). This quadratic twist only changes the fiber over t = 0, so we may assume
that t ∤ b.
We have ∆ = a6 and j = 1/a6. Since f has no singular fibers away from t = 0, the j-map
has no poles away from t = 0 and ∆ is constant up to 12-th powers. Therefore, we can write
a6 = t
12n/c12 for some n ≥ 0 and c ∈ k[t] with t ∤ c and deg(c) ≤ n. Then, we can rescale the
Weierstrass equation to an integral Weierstrass equation of the following form
y2 + bc2xy = x3 + abc4x2 + t12nb6.
If n > 0, then Tate’s algorithm shows that F is of type I12n, because t ∤ b, c. Then, Igusa’s inequality
shows 12n ≤ b2(X) = c2(X) − 2, which contradicts Ogg’s formula 12n = c2(X). Hence, we
must have n = 0 and thus j is constant.
This implies that the generic fiber of f is a quadratic twist of the ordinary elliptic curve with
j-invariant j given by
y2 + xy = x3 + j
by a twist parameter d ∈ k(t) whose only poles are at t = 0. Every non-trivial such twist can be
written as
y2 + xy = x3 +
a
t2k+1
x2 + j
for some a ∈ k[t] of degree at most 2k + 1 with t ∤ a, where k ≥ 0 is an integer. Clearing
denominators and applying y 7→ √jt3k+3, we obtain the equation
y2 + tk+1xy = x3 + atx2 +
√
jt4k+4x.
By Tate’s algorithm, this equation is minimal and F is of type I∗8k+4. Moreover, ∆ = t
12k+12, so
that δF = 4k + 2. 
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